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Abstract
We develop an in-depth analysis of the SO(4) Landau models on S3 in the SU(2) monopole back-
ground and their associated matrix geometry. The Schwinger and Dirac gauges for the SU(2) monopole
are introduced to provide a concrete coordinate representation of SO(4) operators and wavefunctions.
The gauge fixing enables us to demonstrate algebraic relations of the operators and the SO(4) co-
variance of the eigenfunctions. With the spin connection of S3, we construct an SO(4) invariant
Weyl-Landau operator and analyze its eigenvalue problem with explicit form of the eigenstates. The
obtained results include the known formulae of the free Weyl operator eigenstates in the free field
limit. Other eigenvalue problems of variant relativistic Landau models, such as massive Dirac-Landau
and supersymmetric Landau models, are investigated too. With the developed SO(4) technologies, we
derive the three-dimensional matrix geometry in the Landau models. By applying the level projection
method to the Landau models, we identify the matrix elements of the S3 coordinates as the fuzzy
three-sphere. For the non-relativistic model, it is shown that the fuzzy three-sphere geometry emerges
in each of the Landau levels and only in the degenerate lowest energy sub-bands. We also point out
that Dirac-Landau operator accommodates two fuzzy three-spheres in each Landau level and the mass
term induces interaction between them.
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/ 2D 3D 4D
Base-manifold S2 S3 S4
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Table 1: Landau models on low dimensional spheres and associated monopoles
1 Introduction
The Landau models are physical models that manifest the non-commutative geometry in a most obvious
way. It is well known [1, 2] that the fuzzy two-sphere geometry [3, 4, 5] is realized in the SO(3) Landau
model [6, 7] that provides a set-up of the 2D quantum Hall effect [8]. Similarly the set-up of the SO(5)
Landau model [9, 10] is used for the construction of the 4D quantum Hall effect [11] whose underlying
geometry is the fuzzy four-sphere [12, 13, 14]. The correspondence was further explored on S2k [15, 16]
and the SO(2k + 1) Landau model was shown to realize the geometry of fuzzy 2k-sphere [17, 18]. Besides
spheres, there are many manifolds that incorporate non-commutative geometry, and Landau models have
been constructed on various manifolds, i.e. CPn, supermanifolds, hyperboloids, etc. [19, 20, 21, 22, 23, 24,
25, 26, 27, 28, 29]. The works have brought deeper understanding of the Landau physics and the associated
fuzzy geometry as well. The magnetic field is the vital for the realization of the non-commutative geometry
in the Landau model, and for spheres, the magnetic field is brought by the monopole at the center of the
spheres. Since the monopole charge mathematically corresponds to the Chern number that is defined on
even dimensional manifold, all of the manifolds used in the above works are even dimensional. Also in the
viewpoint of the non-commutative geometry, adoption of the even dimensional manifolds is quite reasonable,
because the geometric quantization is performed by replacing the Poisson bracket with the commutator,
and even dimensional symplectic manifold generally accommodates non-commutative structure by such a
quantization procedure.
From above point of view, the Landau model on S3 which Nair and Randjbar-Daemi first proposed [30]
1 was rather exotic, though the model nicely fits in between the SO(3) and SO(5) Landau models (see
Table 1). In the model, the quantization of the SU(2) monopole charge was assumed, but there is no reason
to justify the assumption: The Chern number is not defined in odd dimensions, and so the monopole charge
quantization is not guaranteed. Also for odd dimensional manifolds, the symplectic structure cannot be
embedded and then the geometric quantization procedure mentioned above is useless. Even if we adopt
the quantum Nambu three-bracket instead of the usual commutator [31], we encounter other problems,
such as the violation of the Jacobi identity [32]. It thus seemed to exist fundamental difficulties for
Landau models and non-commutative geometry in odd dimensional space. In Refs.[33, 34, 35] however, it
was pointed out that the usage of the odd dimensional bracket can be circumvented by treating the odd
dimensional bracket as a sub-bracket of the one-dimension higher even bracket, which indicates that the
odd dimensional non-commutative space is not apparently consistent by itself but consistent as a subspace
of one-dimension higher even dimensional space. Inspired by this observation, we proposed a resolution for
the difficulty of odd dimensional Landau model. We showed that the SO(4) Landau model is naturally
embedded in the SO(5) Landau model, and the monopole charge quantization is accounted for by that on
one-dimension higher space S4 [36]. We also demonstrated that similar relation holds for arbitrary odd and
even dimensional Landau models [37] and the dimensional relation has its origin in differential topology;
the dimensional ladder of anomaly or the spectral flow of Atiyah-Patodi-Singer. Though the foundation of
1We refer to the model as the SO(4) Landau model in this paper, since the model respects the SO(4) global symmetry.
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the odd dimensional Landau models was thus established, there are merely a handful of works about them
up to the present [30, 36, 37, 38]. (See also [39, 40, 41] for odd dimensional topological insulator Landau
models based on the Dirac oscillator.)
In this paper, we revisit the SO(4) Landau model – the minimal model of the odd dimensional Landau
models. Through a full investigation of the SO(4) Landau model, we learn properties specific to the
odd dimensional Landau model and associated non-commutative geometry whose analyses are technically
difficult in higher dimensions. The main achievements are as follows: (i) We introduce the Schwinger gauge
and the Dirac gauge for S3 and solve the Landau problem with explicit form of the wavefunction and the
operators. The gauge fixing enables us to demonstrate important algebraic relations, such as the SO(4)
invariance of the Dirac-Landau operator and covariance of the SO(4) Landau level eigenstates. (ii) We
analyze relativistic Landau operators on S3 with spin connection.2 Besides the eigenvalues, we derive a
concrete coordinate representation of the eigenstates. It is shown that the obtained results indeed include
the known formulae of the (free) relativistic operator [45, 46, 47] in the free background limit. (iii) The
matrix elements of the arbitrary Landau levels of the SO(4) Landau models are derived explicitly. We
demonstrate that the obtained matrix geometry is identical to that of the fuzzy three-sphere. This is the
first derivation of the odd dimensional matrix geometry in the context of the Landau model. Especially,
we point out that the mass parameter of the Dirac-Landau model induces interaction between two fuzzy
three-spheres realized in each of the relativistic Landau levels.
This paper is organized as follows. In Sec.2, we introduce the Schwinger and Dirac gauges for geometric
quantities of three-sphere. Sec.3 discusses the non-relativistic Landau model in the Dirac gauge. We analyze
the eigenvalue problem of the spinor Landau model with synthesized connection in Sec.4. Subsequently, the
eigenvalue problem of relativistic Landau models is solved for Weyl-type, Dirac-type and supersymmetric-
type in Sec.5. The matrix geometries of the Landau models are identified as fuzzy three-sphere in Sec.6.
Sec.7 is devoted to summary and discussions.
2 Geometric Quantities of Three-sphere
Here, we summarize basic geometric quantities of S3 based on the exterior derivative method [48, 49].
(For the component method, see Appendix A.)
We first parameterize the coordinates on S3 as
x1 = sinχ sin θ cosφ, x2 = sinχ sin θ sinφ, x3 = sinχ cos θ, x4 = cosχ, (1)
with the ranges
0 ≤ χ ≤ π, 0 ≤ θ ≤ π, 0 ≤ φ < 2π. (2)
The world-line on S3 is given by
ds2 = dx1
2 + dx2
2 + dx3
2 + dx4
2 = dχ2 + sin2 χ dθ2 + sin2 χ sin2 θ dφ2, (3)
and the area of S3 is
A(S3) =
∫
S3
dΩ3 =
∫ 2π
0
dφ
∫ π
0
dθ sin θ
∫ π
0
dχ sin2 χ = 2π2. (4)
From the formula
ds2 = δab e
a eb, (5)
2The previous work [30] adopted the Dirac-Landau operator without the spin connection, and so the role of the spin
connection has not been taken into account. We then investigate the eigenvalue problem of the Dirac-Landau operator with
the spin connection from the beginning.
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we can read off the dreibein as
e1S = dχ, e
2
S = sinχ dθ, e
3
S = sinχ sin θ dφ, (6)
where a, b = 1, 2, 3 denote locally flat space coordinate indices. Since δab (5) is the SO(3) invariant tensor,
the choice of the dreibein is not unique due to the degrees of freedom of SO(3) rotation. The choice (6) is
the simplest one, and we refer to it as the Schwinger gauge. Another useful choice is the Dirac gauge
e1D = cos θdχ− sinχ sin θdθ, e2D = sin θ cosφdχ+ sinχ cos θ cosφdθ − sinχ sin θ sinφdφ,
e3D = sin θ sinφdχ+ sinχ cos θ sinφdθ + sinχ sin θ cosφdφ, (7)
which is related to the Schwinger gauge by the following SO(3) rotation
e1De2D
e3D

 = O(θ, φ)

e1Se2S
e3S

 , (8)
where
O(θ, φ) = e−iφt1e−iθt3 =

 cos θ − sin θ 0sin θ cosφ cos θ cosφ − sinφ
sin θ sinφ cos θ sinφ cosφ

 , (9)
with (ta)bc ≡ −iǫabc being the SO(3) generators of the adjoint representation. The spin connection can be
found from the torsion free condition
dea = −ωa beb. (10)
For the Schwinger gauge (6), we have3
ω1 2(= −ω2 1) = − cosχ dθ, ω3 1(= −ω1 3) = cosχ sin θ dφ,
ω2 3(= −ω3 2) = − cos θ dφ. (13)
The matrix form of the spin connection is then constructed as
ω =
∑
a<b
ωabσ
ab, (14)
where σab (a, b = 1, 2, 3) are the SO(3) generators in the spinor representation:
σab = −i1
4
[γa, γb] =
1
2
ǫabcγc. (15)
γa (a = 1, 2, 3) denote the SO(3) gamma matrices, which throughout the paper we will take
γ1 = σ3, γ2 = σ1, γ3 = σ2. (16)
3Since the present dreibein (6) is not the Maurer-Cartan one-form, they do not satisfy ωab = ǫabcec (Appendix B of [1]).
Non-zero components of the Riemann curvature 2 form, Ra b = dω
a
b + ω
a
cω
c
b, are derived as
R12 = −R21 = sinχ dχ ∧ dθ = e1 ∧ e2, R31 = −R13 = − sinχ sin θ dχ ∧ dφ = e3 ∧ e1,
R23 = −R32 = sin2 χ sin θ dθ ∧ dφ = e2 ∧ e3. (11)
For spheres, a special relation, Rab = ea∧eb, holds in arbitrary dimensions (p.378 in [48]). Reading off the Riemann curvature
Rabcd from R
a
b =
1
2
Rabcdec ∧ ed, we obtain R1212 = R2323 = R3131 = 1 (other non-zero components are determined by the
symmetry of Rabcd) to construct the scalar curvature
R = Rabab = 6. (12)
5
(14) is now represented as
ωS =
1
2
( − cos θ dφ i cosχ dθ + cosχ sin θ dφ
−i cosχ dθ + cosχ sin θ dφ cos θ dφ
)
. (17)
Notice that the holonomy of S3 ≃ SO(4)/SO(3) is SO(3) ≃ SU(2), and the spin connection (17) is formally
equivalent to the SU(2) monopole gauge field with minimal charge (see Sec.3). In the Dirac gauge (7), the
spin connection is given by
ωD =
1
2
(1− cosχ)
(
sin2 θdφ −(idθ + sin θ cos θdφ)e−iφ
(idθ − sin θ cos θdφ)eiφ − sin2 θdφ
)
. (18)
(17) and (18) are related by the SU(2) gauge transformation:
ωS = g
(1/2)† ωD g(1/2) − ig(1/2)† dg(1/2), (19)
where
g(1/2)(θ, φ) = e−i
1
2φσ3e−i
1
2 θσ2 =
(
e−i
1
2φ cos θ2 −e−i
1
2φ sin θ2
ei
1
2φ sin θ2 e
i 12φ cos θ2
)
. (20)
g(θ, φ) is the SU(2) group element corresponding to the SO(3) element (9),4
g(1/2)
†
(θ, φ) γa g
(1/2)(θ, φ) = O(θ, φ)abγb. (23)
For the local polar coordinates on S3, the gauge field takes a simple form in the Schwinger gauge (17),
while in the Dirac gauge the representation is rather clumsy (18). On the other hand, in the target space
Cartesian coordinates, the Schwinger gauge representation (17) becomes lengthy
ωS = − 1
2(1− x42)
√
x12 + x22
×
(
x4
√
1− x42(x2dx1 − x1dx2)σ1 + x4(x1x3dx1 + x2x3dx2 + (x12 + x22)dx3)σ2 − x3√
x12 + x22
(x2dx1 − x1dx2)σ3
)
,
(24)
while the Dirac gauge representation (18) is much concise
ωD = − 1
2(1 + x4)
ǫabcxbσcdxa. (25)
Thus, the Schwinger gauge is an appropriate gauge in the usage of the local polar coordinates on S3, and
the Dirac gauge in the target space Cartesian coordinates. The spin connection (24) has the singularity
both at the north pole x4 = 1 and the south pole x4 = −1, and hence the name, the Schwinger gauge
[50, 1]. Meanwhile, the singularity of (25) is only at the south pole x4 = −1, and the name the Dirac gauge.
4 In other words,
g(1/2)(θ, φ) γa g
(1/2)†(θ, φ) = γb O(θ, φ)ba, (21)
or
O(θ, φ)ab =
1
2
tr(g(1/2)
†
(θ, φ) γa g
(1/2)(θ, φ) γb) =
1
2
tr(g(1/2)(θ, φ) γb g
(1/2)†(θ, φ) γa). (22)
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3 Non-relativistic Landau Model
In this section, we perform a through investigation of the eigenvalue problem of the SO(4) Landau
Hamiltonian. The obtained results are utilized throughout the paper, and we provide a detail explanation
for readers not to stumble against any logical gap or technical difficulty. We first present an expanded
discussions of [30, 36] about the mathematical background of the SO(4) Landau model (Sec.3.1), the
SO(4) operators and their algebraic relations (Sec.3.2) and the SO(4) Landau problem (Sec.3.3). Next
in Sec.3.4, we fix the gauge and provide new results about the basic properties of the SO(4) monopole
harmonics (Sec.3.4.2) and the SO(4) covariance (Sec.3.4.3) in which we give a verification of the SO(4)
monopole harmonics to be the eigenstates of the SO(4) Landau Hamiltonian. In Sec.3.5, we check that
the derived SO(4) monopole harmonics indeed reduce to the known SO(4) spherical harmonics in the free
background limit.
For notational brevity, we adopt the following abbreviation of the angular coordinates in (1):
χ = (χ, θ, φ) (26)
and
− χ = (−χ, θ, φ). (27)
The sign flip of χ represents the parity transformation on S3:
(x1, x2, x3, x4) → (−x1,−x2,−x3, x4), (28)
which interchanges the left-handed and right-handed coordinate systems, and so we call it the LR trans-
formation.
3.1 The chiral Hopf map and the SU(2) monopole gauge field
The underlying geometry of the SO(4) Landau model is the chiral Hopf map [36],
S3L ⊗ S3R
S3diag−→ S3. (29)
Here, the projected space S3 denotes the base-manifold, and S3D ≃ SU(2) corresponds to the SU(2) fiber,
and the map gives a set-up of the SO(4) Landau model on S3 with SU(2) monopole at the center. We
represent the coordinates on SL and SR as two two-component chiral Hopf spinors, ψL = (ψL1 ψL2) and
ψR = (ψR1 ψR2), subject to
ψLψL
† = ψRψR† =
1
2
. (30)
(29) can be expressed as
ψL, ψR −→ xµ = ψLq¯µψR† + ψRqµψL† (µ = 1, 2, 3, 4), (31)
where qµ and q¯µ are the quaternions and conjugate-quaternions,
qµ = (qi, 1) = (−iσi, 1), q¯µ = (−qi, 1) = (iσi, 1). (32)
From (31), we have
4∑
µ=1
xµxµ = 4(ψLψL
†)(ψRψR†) = 1. (33)
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xµ are invariant under the simultaneous SU(2) transformation of ψL and ψR, ψL/R → eαiqiψL/R, and we
denote such diagonal SU(2) rotation as SU(2)D. The chiral Hopf spinors, ψL and ψR, are represented as
ψL(x) = φ Ψ
(1/2)
L (x), ψR(x) = φ Ψ
(1/2)
R (x), (34)
where φ = (φ1 φ2) is a normalized two-component spinor φφ
† = 1/2 representing the S3D-fibre. Ψ
(1/2)
L and
Ψ
(1/2)
R are given by
Ψ
(1/2)
L (x) =
1√
2(1 + x4)
(1 + xµqµ), Ψ
(1/2)
R (x) =
1√
2(1 + x4)
(1 + xµq¯µ) = ΨL
(1/2)(x)
†
, (35)
each of which is an SU(2) group element and their squares yield Ψ
(1/2)
L
2
= (Ψ
(1/2)
R
†
)2 = xµqµ. Using Ψ
(1/2)
L
and Ψ
(1/2)
R , we can derive the SU(2) monopole connection as
A(1/2) = −i1
2
(Ψ
(1/2)
L
†
dΨ
(1/2)
L +Ψ
(1/2)
R
†
dΨ
(1/2)
R ) = −
1
2(1 + x4)
ǫijkxjσkdxi. (36)
Note that the gauge connection (36) is formally identical to the spin connection (25). With the angular
coordinates, ΨL and ΨR can be expressed as
5
Ψ
(1/2)
L (x) = e
−i 12χxˆ·σ, Ψ(1/2)R (x) = e
i 12χxˆ·σ, (38)
where xˆ signifies a position on the (S2-)equator of S3:
xˆ = (sin θ cosφ, sin θ sinφ, cos θ). (39)
Promoting the Pauli matrices in (38) to SU(2) arbitrary matrices with spin magnitude I/2, we introduce
Ψ
(I/2)
D (χ) ≡ e−iχxˆ·S
(I/2)
, (40)
and
Ψ
(I/2)
L (x) = Ψ
(I/2)
D (χ), Ψ
(I/2)
R (x) = Ψ
(I/2)
D (−χ). (41)
ΨL and ΨR are interchanged by the LR transformation (28). They satisfy
Ψ
(I/2)
D (χ)
−1
= Ψ
(I/2)
D (χ)
†
= Ψ
(I/2)
D (−χ). (42)
In a same manner to (36), we obtain the SU(2) monopole gauge field in the Dirac gauge
A(I/2) = −i1
2
(Ψ
(I/2)
L
†
dΨ
(I/2)
L +Ψ
(I/2)
R
†
dΨ
(I/2)
R ) = −
1
1 + x4
ǫijkxjS
(I/2)
k dxi, (43)
or
A
(I/2)
i = −
1
1 + x4
ǫijkxjS
(I/2)
k (i = 1, 2, 3), A
(I/2)
4 = 0. (44)
The winding number associated with the SU(2) gauge field (43) is
ν = i
1
24π2
∫
S3
tr(−ig†dg)3, (45)
5Indeed,
Ψ
(1/2)
L =
1√
2(1 + x4)
(
1 + x4 − ix3 −x2 − ix1
x2 + ix1 1 + x4 + ix3
)
=
(
cos χ
2
− i sin χ
2
cos θ −i sin χ
2
sin θe−iφ
−i sin χ
2
sin θeiφ cos χ
2
+ i sin χ
2
cos θ
)
= e−i
1
2
χxˆ·σ,
Ψ
(1/2)
R =
1√
2(1 + x4)
(
1 + x4 + ix3 x2 + ix1
−x2 − ix1 1 + x4 − ix3
)
=
(
cos χ
2
+ i sin χ
2
cos θ i sin χ
2
sin θe−iφ
i sin χ
2
sin θeiφ cos χ
2
i sin χ
2
cos θ
)
= ei
1
2
χxˆ·σ. (37)
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where
g = Ψ
(I/2)
D (χ)
2
= e−2iχxˆ·S
(I/2)
, (46)
and (45) is evaluated as
ν =
1
6
I(I + 1)(I + 2). (47)
It should be mentioned that the chiral Hopf map and the present SU(2) monopole are naturally understood
by embedding S3 in one-dimension higher S4 [36, 37].
3.2 SO(4) operators
The SU(2) magnetic field is perpendicular to S3 surface, and so the present system respects the SO(4)
rotational symmetry. We construct total angular momentum operators that generate the simultaneous
SO(4) rotations of the base-manifold and the gauge space. We clarify analogies and differences to the U(1)
monopole system on S2 [1].
3.2.1 SO(4) angular momentum operators
For Aµ (µ = 1, 2, 3, 4) (44), let us introduce the covariant derivative
Dµ = ∂µ + iAµ, (48)
and the field strength is given by
Fµν = −i[Dµ, Dν ] = ∂µAν − ∂νAµ + i[Aµ, Aν ] (49)
with
Fij = −xiAj + xjAi + ǫijkS(I/2)k , Fi4 = (1 + x4)Aj = −ǫijkxjS(I/2)k . (50)
With the dreibein (7), (50) is concisely represented as
F =
1
2
Fµνdx
µ ∧ dxν = 1
2
ǫijke
i
D ∧ ejD S(I/2)k . (51)
The SO(4) covariant angular momentum is introduced as
Λµν = −ixµDν + ixνDµ (µ, ν = 1, 2, 3, 4), (52)
and the conserved SO(4) angular momentum operator consists of particle angular momentum and the field
angular momentum of the monopole:
Lµν = Λµν + Fµν . (53)
In the Dirac gauge, Lµν (53) are expressed as
Lij = lij + ǫijkS
(I/2)
k , Li4 = li4 −
1
1 + x4
ǫijkxjS
(I/2)
k , (54)
where lµν denote the free SO(4) angular momentum operators
lµν = −ixµ∂ν + ixν∂µ. (55)
With the explicit coordinate representations, it is straightforward to check that Tµν = Lµν , Λµν and Fµν
transform as two-rank tensors under the SO(4) transformations generated by Lµν :
[Lµν , Tρσ] = iδµρTνσ − iδµσTνρ + iδνσTµρ − iδνρTµσ. (56)
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From the orthogonality between Λµν and Fµν
4∑
µ<ν=1
FµνΛµν =
4∑
µ<ν=1
ΛµνFµν = 0, (57)
the SO(4) Casimir is given by
4∑
µ<ν=1
Lµν
2 =
4∑
µ<ν=1
Λµν
2 +
4∑
µ<ν=1
Fµν
2, (58)
which can be rewritten as∑
µ<ν
Lµν
2 =
∑
µ<ν
lµν
2 +
2
1 + x4
l · S(I/2) + 1
2(1 + x4)
I(I + 2)− 1
(1 + x4)2
(x · S(I/2))2, (59)
with l the free SO(3) angular momentum operator:
li =
1
2
ǫijkljk = −iǫijkxj∂k. (60)
The first term is the SO(4) free angular momentum Casimir, and the second term is formally equivalent
to the spin-orbit coupling in three-dimension. Meanwhile, the SO(3) Casimir of the SO(3) Landau model
on S2 is represented as [1]
3∑
i=1
Lˆ2i =
3∑
i=1
li
2 +
I
1 + x3
l3 +
1
2(1 + x3)
I2, (61)
where
Lˆi ≡ −iǫijkxj(∂k + iAˆk) + Fˆi. (62)
Aˆi = −I 12(1+x3)ǫij3xj is the U(1) monopole gauge field and Fˆi = ǫijk∂jAˆk = I2xi. Comparison between
(59) and (61) shows the the last term of (59), − 1(1+x4)2 (x ·S
(I/2))2, is specific to the SO(4) Landau model
with the non-Abelian gauge field.6
3.2.2 SU(2)L ⊗ SU(2)R group generators
Since SO(4) ≃ SU(2)L⊗SU(2)R, we can construct su(2)L⊕su(2)R generators from the so(4) generators:
Li =
1
4
ηiµνLµν , L¯i =
1
4
η¯iµνLµν , (63)
which satisfy
[Li, Lj] = iǫijkLk, [L¯i, L¯j ] = iǫijkL¯k, [Li, L¯j ] = 0. (64)
Here, ηiµν and η¯
i
µν are the ’t Hooft symbols:
ηiµν = ǫµνi4 + δµiδν4 − δµ4δνi, η¯iµν = ǫµνi4 − δµiδν4 + δµ4δνi. (65)
The two independent su(2) algebras (64) can be verified by the so(4) algebra and properties of the ’t Hooft
symbols (65).7 The SO(4) Casimir is also given by a simple sum of the two SU(2) Casimirs:
4∑
µ<ν=1
Lµν
2 = 2(Li
2 + L¯2i ) (67)
6When I = 1, this term is reduced to − 1
4
1−x4
1+x4
.
7 The following properties will be useful:
ηiµνη
j
µρ = δijδνρ + ǫijkη
k
νρ, η¯
i
µν η¯
j
µρ = δijδνρ + ǫijkη¯
k
νρ. (66)
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whose eigenvalues are readily obtained as∑
µ<ν
Lµν
2 = 2lL(lL + 1) + 2lR(lR + 1). (68)
Here, lL and lR denote the SU(2)L and SU(2)R Casimir indices,
L2 = lL(lL + 1), L¯
2
= lR(lR + 1), (69)
and their sum is bounded below by the monopole charge
lL + lR = n+
I
2
. (n = 0, 1, 2, · · · ) (70)
n comes from the particle angular momentum, while I/2 comes from the field angular momentum of the
monopole (recall (53)). In the case I = 0, the SO(4) irreducible representation is reduced to the SO(4)
spherical harmonics with the SO(4) indices (lL, lR) = (n/2, n/2) (Appendix B.1), and so each of lL and lR
is bounded below by n/2:
lL, lR ≥ n
2
. (71)
Consequently, for given n, (lL, lR) can take the following (I + 1) distinct values
(lL, lR) = (
n
2
+
I
2
,
n
2
), (
n
2
+
I
2
− 1
2
,
n
2
+
1
2
), (
n
2
+
I
2
− 1, n
2
+ 1), · · · , (n
2
,
n
2
+
I
2
). (72)
Introducing the chirality parameter s [36]
s ≡ lL − lR = I
2
,
I
2
− 1, I
2
− 2, · · · ,−I
2
, (73)
we specify (lL, lR) as
(lL, lR) = (
n
2
+
I
4
+
s
2
,
n
2
+
I
4
− s
2
). (74)
Essentially, the Landau level n corresponds to the sum of the two SU(2) indices, while the chirality
parameter s their difference. The SO(4) Casimir eigenvalue (68) is now represented as
4∑
µ<ν=1
Lµν
2 = (n+
I
2
)(n+
I
2
+ 2) + s2. (75)
3.2.3 SU(2)diag generators and “boost” generators
In the Dirac gauge, (63) are explicitly represented as
Li = −i1
2
ǫijkxj∂k − i1
2
xi∂4 + i
1
2
x4∂i +
1
2
S
(I/2)
i −
1
2(1 + x4)
ǫijkxjS
(I/2)
k ,
L¯i = −i1
2
ǫijkxj∂k + i
1
2
xi∂4 − i1
2
x4∂i +
1
2
S
(I/2)
i +
1
2(1 + x4)
ǫijkxjS
(I/2)
k . (76)
Li and L¯i are interchanged by the LR transformation (28). For the comparison to the SO(3) Landau model
[1], it is useful to introduce the SU(2) diagonal group generators and “boost” generators. From the two
sets of SU(2) operators, we define the SU(2) diagonal group generators,
Ldiagi ≡ Li + L¯i = −iǫijkxj∂k + S(I/2)i (77)
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where
li = −iǫijkxj∂k. (78)
LDi do not depend on x4 and are formally identical to the angular momentum operators of a free particle
with higher spin I/2 in three dimension8 that obviously satisfy the su(2) algebra. In the SO(3) Landau
model on S2 [1], the SO(2) operator Lˆz (62) consists of the free angular momentum and the U(1) gauge
generator, Lˆz = −i ∂∂φ − I2 , and then (77) may be regarded as its SU(2) generalization. From analogy to
the Lorentz group, we refer to the remaining SO(4) operators as the “boost” operators:
Ki = Li − L¯i = −ixi∂4 + ix4∂i − 1
1 + x4
ǫijkxjS
(I/2)
k . (79)
It is easy to see that Ldiag and K satisfy [30]
[Ldiagi , L
diag
j ] = iǫijkL
diag
k , [L
diag
i ,Kj ] = iǫijkKk, [Ki,Kj ] = iǫijkL
diag
k . (80)
Ki thus transform as the SU(2)diag vector. Though K
2 (and Ldiag
2
) is not invariant under general SO(4)
transformations
[Ki,K
2] = −[Ki,Ldiag2] = iǫijk(KjLdiagk − Ldiagj Kk) 6= 0, (81)
K2 is invariant under the SU(2)D transformations
[Ldiagi ,K
2] = 0. (82)
While Ldiag
2
represents SU(2) Casimir, the square of the boost operators yields [30]
K2 = (L− L¯)2 = 2(L2 + L¯2)−Ldiag2 =
∑
µ<ν
Lµν
2 −Ldiag2. (83)
In the SO(3) Landau model [1], the boost generators Ki correspond to Lˆx and Lˆy (62), and the sum of
their squares gives
Lˆ2x + Lˆ
2
y = Lˆ
2 − Lˆ2z. (84)
The SO(3) Landau Hamiltonian can be obtained from (84) by replacing the eigenvalues of Lˆz with the
U(1) gauge generators I/2
Lˆ2x + Lˆ
2
y → Lˆ
2 − (I/2)2. (85)
We heuristically apply this procedure to the present case and replace LD in (83) with the gauge group
generator S(I/2) to obtain
K2 →
∑
µ<ν
Lµν
2 − S(I/2)2, (86)
which may give SO(4) Landau Hamiltonian. We shall confirm it in Sec.3.3.
3.3 SO(4) Landau problem
3.3.1 SO(4) Landau levels and subbands
From the Landau Hamiltonian on R4
H = − 1
2M
4∑
µ=1
Dµ
2 = − 1
2M
∂2
∂r2
− 3
2Mr
∂
∂r
+
1
2Mr2
4∑
µ<ν=1
Λµν
2, (87)
8Recall that in the beginning S
(I/2)
i were the SU(2) gauge group generators and the particle was a spinless particle, but
here we reinterpret S
(I/2)
i as the intrinsic spin of particle. This interpretation is similar to that of Wilczek [51].
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the SO(4) Landau Hamiltonian on S3 is obtained as
H = − 1
2M
∑
µ
Dµ
2|r=1 = 1
2M
∑
µ<ν
Λµν
2, (88)
which is invariant under the SO(4) global rotations generated by Lµν . Using the relation (58), we can
express (88) as
H =
1
2M
∑
µ<ν
Lµν
2 − 1
2M
∑
µ<ν
Fµν
2, (89)
where the second term on the right-hand side is equal to the SO(3) Casimir
∑
µ<ν
Fµν
2 =
3∑
i=1
S
(I/2)
i
2
=
1
4
I(I + 2), (90)
and then
H =
1
2M
(
∑
µ<ν
Lµν
2 − S(I/2)2) = 1
M
3∑
i=1
(Li
2 + L¯2i )−
1
2M
S(I/2)
2
. (91)
We thus verified that (86) is equal to the SO(4) Landau Hamiltonian up to the unimportant proportional
factor. H (91) is obviously invariant under the LR transformation (28), i.e., Li ↔ L¯i, and respects the
LR symmetry. From (68) or (75), we can readily derive the energy of the SO(4) Landau Hamiltonian (91):
En(s) =
1
M
(lL(lL + 1) + lR(lR + 1))− 1
8M
I(I + 2)
=
1
2M
(n(n+ 2) +
I
2
(2n+ 1) + s2). (92)
Notice that the energy eigenvalues depend both on n and s. While n denotes the Landau level index, the
chirality parameter s corresponds to subband of each Landau level.9 Notice that the energy eigenvalue (92)
is invariant under the sign flip of the chirality parameter:
s ↔ − s, (93)
which is a direct consequence of the LR symmetry, since the SU(2)L and SU(2)R quantum numbers (74)
are interchanged by the LR transformation.
The dimension of the SO(4) irreducible representation specified by n and s is
dn(s) = (2lL + 1)(2lR + 1) = (n+
I
2
+ 1 + s)(n+
I
2
+ 1− s). (94)
Since En(s) depends on s
2 (92), the SO(4) eigenstates with (n, s) and (n,−s) are degenerate. The degen-
eracy of the subband of the Landau level En(|s|) for s 6= 0 is given by
2dn(|s|) = 2((n+ I
2
+ 1)2 − |s|2). (95)
When I is odd, s can take s = 0 and the degeneracy is
dn(s = 0) = (n+
I
2
+ 1)2. (96)
A schematic picture is given by Fig.1.
9The energy interval between adjacent subbands, ∆En(s) = s/(MR2), collapses in the thermodynamic limit I,R → ∞
with I/(R2) fixed. The subbands (for s << I) thus become degenerate in the thermodynamic limit, and hence n is referred
to as the Landau level and s subband. The origin of subbands of Landau levels may be accounted for by the curvature of the
sphere.
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Figure 1: Energy spectra of the SO(4) Landau model. Each Landau level n is split to subbands indexed
by s.
3.3.2 Landau level eigenstates
In [36], we constructed the lowest Landau level (n = 0) basis states by taking the symmetric product
of the chiral Hopf spinors. Here, we provide a precise meaning of the construction. For n = 0, the
SO(4) ≃ SU(2)L ⊗ SU(2)R indices are given by
lL =
1
2
(
I
2
+ s), lR =
1
2
(
I
2
− s). (97)
For each of SU(2), we take the fully symmetric product of the chiral Hopf spinors (34):
ΨLlL,mL =
1√
(lL +mL)!(lL −mL)!
ψL1
lL+mLψL2
lL−mL ,
ΨRlR,mR =
1√
(lL +mL)!(lR −mR)!
ψR1
lR+mRψR2
lR−mR , (98)
with mL = lL, lL − 1, · · · ,−lL and mR = lR, lR − 1, · · · ,−lR, and the lowest Landau level basis states are
constructed as
Φ(0,s,I/2)mL,mR =
1√
I!
ΨLlL,mL ⊗ΨRlR,mR . (99)
Recall that the S3D-fibre φ is common to ψL and ψR (34). As the expansion basis of Φ
(0,s,I/2)
mL,mR , we adopt
the SU(2)D higher spin representation made of φ :
e
(I/2)
A =
1√
( I2 +A)!(
I
2 −A)!
φ1
I
2+Aφ2
I
2−A. (A = I/2, I/2− 1, · · · ,−I/2) (100)
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Using the basis (100), we expand Φ
(0,s,I/2)
mL,mR as
Φ(0,s,I/2)mL,mR (x) =
I/2∑
A=−I/2
Φ(0,s,I/2)mL,mR (x)A e
(I/2)
A (101)
to define the expansion coefficients carrying the internal SU(2) gauge index A. In particular for s = I/2
and s = −I/2, the coefficients are obtained as
Φ
(0,I/2,I/2)
mL,0
(x)A = ΨL(x)A,mL = Ψ(χ)A,mL , (mL =
I
2
,
I
2
− 1, · · · ,−I
2
)
Φ
(0,−I/2,I/2)
0,mR
(x)A = ΨR(x)A,mR = Ψ(−χ)A,mR , (mR =
I
2
,
I
2
− 1, · · · ,−I
2
) (102)
where Ψ(χ) is the SU(2) group element in the Dirac gauge (40). Also from other exercises, such as
Φ
(0,0,1)
1/2,−1/2(x)0 =
1√
2
(ΨL11ΨR22 + ΨL12ΨR21), we can deduce a general formula for the lowest Landau level
eigenstate:
Φ(n,s,I/2)mL,mR (x)A =
lL∑
m′L=−lL
lR∑
m′R=−lR
〈I/2, A|lL,m′L; lR,m′R〉Ψ(lL)(χ)m′L,mLΨ(lR)(−χ)m′R,mR , (103)
where lL and lR are given by (97) and 〈I/2, A|lL,m′L; lR,m′R〉 denotes the Clebsch-Gordan coefficient.
Replacing the relation (97) of the lowest Landau level with that of the higher Landau level (74), we may
expect that (103) realizes the higher Landau level basis states. (This expectation turns out to be true as
we shall see below.) We will refer to (103) as the SO(4) monopole harmonics.10
Nair and Randjbar-Daemi gave the first derivation of the Landau level eigenstates [30], in which har-
monic expansion on coset space [52] was applied (see [53, 54] also). On the coset
S3 ≃ SU(2)L ⊗ SU(2)R/SU(2)diag, (104)
the following matrix element was considered
Φ[lL,lR,I/2]mL,mR (x)A = 〈I/2, A|gL ⊗ gR|lL,mL; lR,mR〉. (105)
Inserting the complete basis relation
1 =
lL∑
mL=−lL
lR∑
mR=−lR
|lL,mL; lR,mR〉〈lL,mL; lR,mR| (106)
to (105), we have11
Φ(n,s,I/2)mL,mR (x)A =
lL∑
m′L=−lL
lR∑
m′R=−lR
〈I/2, A|lL,m′L; lR,m′R〉〈lL,m′L; lR,m′R|gL ⊗ gR|lL,mL; lR,mR〉
=
lL∑
m′L=−lL
lR∑
m′R=−lR
〈I/2, A|lL,m′L; lR,m′R〉D(lL)(χ)m′L,mLD(lR)(−χ)m′R,mR , (107)
where D is the Wigner’s D function
D(lL)(χ)mn = 〈l,m|gL|l, n〉, D(lR)(−χ)mn = 〈l,m|gR|l, n〉. (108)
10In the terminology, the usual monopole harmonics [7] are called the SO(3) monopole harmonics, and the Yang’s SU(2)
monopole harmonics [10] will be the SO(5) monopole harmonics.
11In [53, 54], (107) is referred to as the spin(-weighted) spherical harmonics on S3.
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Ψ(l)(χ) corresponds to D(l)(χ) in the Dirac gauge (Appendix D), and so we find (103) is equivalent to (107).
By binding the left magnetic quantum numbers (m′L and m
′
R) of two D functions with the Clebsch-Gordan
coefficients, we can construct the SO(4) Landau level basis states with internal magnetic quantum number
(A) as in (107). The condition∫
S3
dΩ3 Φ
(n,s, I2 )
mL,mR(χ)A
∗
Φ
(n′,s′, I
′
2 )
m′L,m
′
R
(χ)A′ = δmLm′LδmRm′RδAA′δnn′δss′δII′ , (109)
determines the normalization constant as
Φ(n,s,I/2)mL,mR (x)A
=
√
(2lL + 1)(2lR + 1)
2π2
lL∑
m′L=−lL
lR∑
m′R=−lR
〈I/2, A|lL,m′L; lR,m′R〉D(lL)(χ)m′L,mLD(lR)(−χ)m′R,mR . (110)
Using (107), we can construct a vector-like notation of the SO(4) monopole harmonics:
Φ
(n,s, I2 )
mL,mR(x) =
1√
I + 1


Φ
(n,s, I2 )
mL,mR(x)I/2
Φ
(n,s, I2 )
mL,mR(x)I/2−1
...
Φ
(n,s, I2 )
mL,mR(x)−I/2

 , (111)
which satisfies ∫
S3
dΩ3 Φ
(n,s, I2 )
mL,mR(x)
†
Φ
(n′,s′, I
′
2 )
m′L,m
′
R
(x) = δmLm′LδmRm′Rδnn′δss′δII′ . (112)
Since the D-functions depend on the SO(4) Casimir indices determined only through n+ I2 (and s), different
n and I/2 can give rise to same D functions if n+ I2 is fixed. The Clebsch-Gordan coefficients account for
their difference.
3.4 Gauge fixing analysis
With gauge fixing, we further pursue the properties of the SO(4) Landau Hamiltonian eigenstates.
3.4.1 Dirac gauge and Schwinger gauge
We first establish relations between the Dirac and the Schwinger gauges. In the Schwinger gauge, the
D-function is given by
Ψ
(I/2)
S (χ) = D
(I/2)(χ,−θ,−φ) ≡ e−iχS(I/2)z eiθS(I/2)y eiφS(I/2)z , (113)
which is related to Ψ
(l)
D (χ) (40) by the SU(2) gauge transformation (see Appendix D for details)
Ψ
(l)
D (χ) = g
(l)(θ, φ) Ψ
(l)
S (χ), (114)
where
g(l)(θ, φ) = e−iφS
(l)
z e−iθS
(l)
y . (115)
As in the case of the Dirac gauge (43), the SU(2) gauge field in the Schwinger gauge can be expressed as
AS = −i1
2
(ΨLdΨL
† +ΨRdΨR†) = S(I/2)x cosχ sin θdφ − S(I/2)y cosχdθ − S(I/2)z cos θdφ, (116)
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where
ΨL(x) = Ψ
(I/2)
S (χ), ΨR(x) ≡ Ψ(I/2)S (−χ). (117)
We can read off the components of the gauge field from (116) as
Aχ = 0, Aθ = − cosχ S(I/2)y , Aφ = cosχ sin θ S(I/2)x − cos θ S(I/2)z . (118)
For I = 1, (118) is reduced to the SU(2) spin connection (17). From (114), one may find
AS = g
(I/2)†ADg(I/2) − ig(I/2)†dg(I/2). (119)
Actually this is a generalization of (19) for arbitrary spin magnitude. With (117), in the Schwinger gauge
the SO(4) monopole harmonics are constructed as12
Φ(n,s,I/2)mL,mR (χ)A =
√
(2lL + 1)(2lR + 1)
2π2
×
lL∑
m′L=−lL
lR∑
m′R=−lR
〈I/2, A|lL,m′L; lR,m′R〉Ψ(lL)S (χ)m′L,mLΨ
(lR)
S (−χ)m′R,mR . (120)
For instance, for (n, I/2, s) = (1, 1/2, 1/2), the SU(2)L⊗SI(2)R indices are given by (lL, lR) = (1, 1/2) and
the dimension of the multiplet is (2lL + 1)(2lR + 1)|(lL,lR)=(1,1/2) = 6.13 As the gauge field undergoes the
gauge transformation (119), the SO(4) monopole harmonics in the Dirac and the Schwinger gauges should
be related as
Φ(n,s,I/2)mL,mR (χ)D = g
(I/2)(θ, φ) Φ(n,s,I/2)mL,mR (χ)S. (122)
It is easy to verify (122) from (114) and the property of the Clebsch-Gordan coefficient
〈I/2, A|lL,m′L; lR,m′R〉 g(lL)(θ, φ)m′LmL g(lR)(θ, φ)m′RmR = g(I/2)(θ, φ)AB 〈I/2, B|lL,mL; lR,mR〉. (123)
3.4.2 Properties of the SO(4) monopole harmonics
From the properties of the D function and the Clebsch-Gordan coefficients
D(l)(χ, θ, φ)m,n
∗
= (−1)m−nD(l)(χ, θ, φ)−m,−n, CJ,−Ml,−m; l′,−m′ = (−1)l+l
′+J+2MCJ,Ml,m; l′,m′ , (124)
the complex conjugate of the SO(4) monopole harmonics is given by
Φ(n,s,I/2)mL,mR (χ)A
∗
= (−1)lL+lR+ I2−mL−mR−A Φ(n,s,I/2)−mL,−mR(χ)−A|lL= 12 (n+ I2+s),lR= 12 (n+ I2−s). (125)
12Unlike the Dirac gauge Ψ
(l)
D (−χ) = Ψ
(l)
D (χ)
−1, in the Schwinger gauge Ψ
(l)
S (−χ) 6= Ψ
(l)
S (χ)
−1.
13In this case, the SO(4) monopole harmonics (120) are explicitly given by
Φ
(1,1/2,1/2)
1,1/2
= i
1
π
ei
3
2
φ sinχ sin θ
(
e−i
1
2
χ cos θ
2
−ei 12χ sin θ
2
)
, Φ
(1,1/2,1/2)
1,−1/2
=
1
π
ei
1
2
φ(cosχ− i sinχ cos θ)
(
e−i
1
2
χ cos θ
2
−ei 12χ sin θ
2
)
,
Φ
(1,1/2,1/2)
0,1/2
=
1√
2π
ei
1
2
φ
(
−e−i 12χ cos θ
2
(e−iχ + 2i sinχ cos θ)
ei
1
2
χ sin θ
2
(eiχ + 2i sinχ cos θ)
)
, Φ
(1,1/2,1/2)
0,−1/2
=
1√
2π
e−i
1
2
φ
(
e−i
1
2
χ sin θ
2
(e−iχ − 2i sinχ cos θ)
ei
1
2
χ cos θ
2
(eiχ − 2i sinχ cos θ)
)
,
Φ
(1,1/2,1/2)
−1,1/2
= − 1
π
e−i
1
2
φ(cos χ+ i sinχ cos θ)
(
e−i
1
2
χ sin θ
2
ei
1
2
χ cos θ
2
)
, Φ
(1,1/2,1/2)
−1,−1/2
= −i 1
π
e−i
3
2
φ sinχ sin θ
(
e−i
1
2
χ sin θ
2
ei
1
2
χ cos θ
2
)
. (121)
17
Notice that the complex conjugate flips both of the SO(4) magnetic quantum numbers, mL and mR.
Integration of the product of three SO(4) monopole harmonics is given by (see Appendix C)
1
I + 1
∫
S3
dΩ3 (
I
2∑
A=− I2
Φ
[lL,lR,
I
2 ]
mL,mR (χ)
∗
A · Φ[
p
2 ,
p
2 ,0]
m′L,m
′
R
(χ) · Φ[lL,lR,
I
2 ]
m′′L,m
′′
R
(χ)
A
)
=
√
(p+ 1)(2lL + 1)(2lR + 1)
2π2
(−1)−(lL+lR+ I2+ p2 )
{
lL lR
I
2
lR lL
p
2
}
ClL,mLp
2 ,m
′
L ; lL,m
′′
L
ClR,mRp
2 ,m
′
R ; lR,m
′′
R
, (126)
and
1
I + 1
∫
S3
dΩ3 (
I
2∑
A=− I2
Φ
[lL,lR,
I
2 ]
mL,mR (χ)
∗
A · Φ[
p
2 ,
p
2 ,0]
m′L,m
′
R
(χ) · Φ[lR,lL,
I
2 ]
m′′R,m
′′
L
(χ)
A
)
=
√
(p+ 1)(2lL + 1)(2lR + 1)
2π2
(−1)2lL+ 32 I+ 32p
{
lL lR
I
2
lL lR
p
2
}
ClL,mLp
2 ,m
′
L ; lR,m
′′
R
ClR,mRp
2 ,m
′
R ; lL,m
′′
L
. (127)
where
lL =
1
2
(n+
I
2
) +
1
2
s, lR =
1
2
(n+
I
2
)− 1
2
s, (128)
and {· · · } on the right-hand side is the 6-j symbol :
{
j1 j2 j3
j4 j5 j6
}
≡
∑
all m
(−1)
∑
j(ji−mi)
(
j1 j2 j3
−m1 −m2 −m3
)(
j1 j5 j6
−m1 −m5 m6
)(
j4 j2 j6
m4 m2 −m6
)(
j4 j5 j3
−m4 −m5 m3
)
.
(129)
The integration formula (126) will be crucial to derive the matrix geometry of the SO(4) Landau level in
Sec.6.
3.4.3 SO(4) covariance
The SO(4) covariance of the SO(4) monopole harmonics is essential for the monopole harmonics to be
the eigenstates of the SO(4) Landau Hamiltonian. The gauge fixing indeed allows us to demonstrate the
covariance of the SO(4) monopole harmonics.
In the Dirac gauge, the angular momentum operators are represented as (76) and the SO(4) monopole
18
harmonics are (111) with (103). Using these, we can explicitly show14
LiΦ
(n,s, I2 )
mL,mR =
lL∑
m′L=−lL
Φ
(n,s, I2 )
m′L,mR
(S
(lL)
i )m′LmL , L¯iΦ
(n,s, I2 )
mL,mR =
lR∑
m′R=−lR
Φ
(n,s, I2 )
mL,m′R
(S
(lR)
i )m′RmR , (133)
or more concisely,
LiΦ
(n,s, I2 ) = (S
(lL)
i )
t
Φ(n,s,
I
2 ), L¯iΦ
(n,s, I2 ) = Φ(n,s,
I
2 )S
(lR)
i , (134)
which manifests that the SO(4) monopole harmonics are the irreducible representation of the SU(2)L and
SU(2)R. From
Lµν = η
i
µνLi + η¯
i
µν L¯i, (135)
we have15
LµνΦ
(n,s, I2 ) = ηiµν(S
(lL)
i )
t
Φ(n,s,
I
2 ) + η¯iµνΦ
(n,s, I2 )S
(lR)
i , (139)
and then ∑
µ<ν
Lµν
2Φ
(n,s, I2 )
mL,mR = 2Φ
(n,s, I2 )
m′L,mR
(S
(lL)
i )
2
m′LmL
+ 2Φ
(n,s, I2 )
mL,m′R
(S
(lR)
i )
2
m′RmR
= 2(lL(lL + 1) + lR(lR + 1))Φ
(n,s, I2 )
m′L,mR
. (140)
Obviously, Φ
(n,s, I2 )
m′L,mR
are the Landau level eigenstates with the SO(4) index (128).
3.5 Reduction to the SO(4) spherical harmonics
We can check that the SO(4) monopole harmonics are reduced to the SO(4) spherical harmonics in the
free SU(2) background limit. In literature [42, 43, 44], the SO(4) spherical harmonics is usually given by
14We checked the validity of (133) for low dimensional representations by using formula manipulation system, Mathematica.
For the chiral Hopf spinors ψLα = Φ
(0,1/2,1/2)
α,0 and ψRα = Φ
(0,−1/2,1/2)
0,α (α = 1, 2), we can check it by hand:
(lL, lR) = (1/2, 0) : LiψLα = ψLβ
1
2
(σi)βα, L¯iψLα = 0,
(lL, lR) = (0, 1/2) : LiψRα = 0, L¯iψRα = ψRβ
1
2
(σi)βα. (130)
ψLα and ψRα are related to (37) as
Ψ
(1/2)
L = (ψL1 ψL2), Ψ
(1/2)
R = (ψR1 ψR2). (131)
Generally for ΨL and ΨR,
(lL, lR) = (I/2, 0) : LiΨL = ΨLS
(I/2)
i , L¯iΨL = 0,
(lL, lR) = (0, I/2) : LiΨR = 0, L¯iΨR = ΨRS
(I/2)
i . (132)
15For M = (mL,mR) or
Φ
(n,s, I
2
)
M ≡ Φ
(n,s, I
2
)
mL,mR , (136)
the SO(4) transformation (139) can be concisely expressed as
LµνΦ
(n,s, I
2
)
M =
d(n,s)∑
N=1
Φ
(n,s, I
2
)
N (Σµν )NM , (137)
where Σµν are the SO(4) generators of the (lL, lR) representation:
Σµν = η
i
µνS
(lL)
i ⊗ 1+ η¯iµν1⊗ S
(lR)
i . (138)
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(see Appendix B.1)
Ynlm(χ) = 2
ll!
√
2(n+ 1)(n− l)!
π(n+ l + 1)!
sinl(χ) Cl+1n−l(cosχ) · Ylm(θ, φ), (141)
(l = 0, 1, 2, · · · , n and m = −l,−l+ 1, · · · , l)
where Ylm are the SO(3) spherical harmonics and C
l+1
n−l are the Gegenbauer polynomials:
Cαn (x) ≡
(−2)n
n!
Γ(n+ α)Γ(n+ 2α)
Γ(α)Γ(2n+ 2α)
(1− x2)−α+ 12 d
n
dxn
[(1 − x2)n+α− 12 ]. (142)
The SO(4) spherical harmonics (141) carry the SU(2)L ⊗ SU(2)R index
(lL, lR) = (
n
2
,
n
2
). (143)
Meanwhile, the SO(4) monopole harmonics in the Dirac gauge (110) yield (n/2, n/2) representation as16
Φ(n,0,0)mL,mR(x) =
n+ 1√
2π2
n/2∑
m′L,m
′
R=−n/2
〈0, 0|n
2
,m′L;
n
2
,m′R〉Ψ(n/2)(χ)m′LmLΨ(n/2)(−χ)m′RmR
= (−i)n
√
n+ 1
2π2
n/2∑
m=−n/2
i2mΨ(n/2)(χ)m,mLΨ
(n/2)(−χ)−m,mR , (147)
where we used
〈0, 0|n
2
,m′L;
n
2
,m′R〉 = (−i)n
1√
n+ 1
i2m
′
Lδm′L+m′R,0. (148)
For instance,
n = 1 : Φ(n=1,0,0)mL,mR (χ) =
1
π
(
i sinχ sin θeiφ cosχ− i sinχ cos θ
− cosχ− i sinχ cos θ −i sinχ sin θe−iφ
)
mL,mR
=
1
π
(
ix1 − x2 x4 − ix3
−x4 − ix3 −ix1 − x2
)
mL,mR
. (149)
The Clebsch-Gordan coefficients simply relate the two superficially different expressions of the SO(4) spher-
ical harmonics, (141) and (147), as
Ynlm(x) = i
l
n/2∑
mL,mR=−n/2
〈l,m|n
2
,mL;
n
2
,mR〉 Φ(n,0,0)mL,mR(x). (150)
The SO(4) monopole harmonics are thus reduced to the SO(4) spherical harmonics in the free background
limit.
16 In the Schwinger gauge (120), we have
Φ
(n,0,0)
(S)mL,mR
(x) = (−i)n
√
n+ 1
4π2
n/2∑
m=−n/2
i2mΨ
(n/2)
(S)
(χ)m,mLΨ
(n/2)
(S)
(−χ)−m,mR , (144)
which is equal to (147):
Φ
(n,0,0)
(S)mL,mR
(x) = Φ
(n,0,0)
mL,mR (x). (145)
The SO(4) free angular momentum operator acts to Φ
(n,0,0)
mL,mR (χ) as
lµνΦ
(n,0,0)
mL,mR (x) = η
i
µν
n/2∑
m′
L
=−n/2
Φ
(n,0,0)
m′L,mR
(x)(S
(n/2)
i )m′LmL
+ η¯iµν
n/2∑
m′
R
=−n/2
Φ
(n,0,0)
mL,m
′
R
(x)(S
(n/2)
i )m′RmR
. (146)
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4 Spinor Landau Model
Before going to the analysis of relativistic Landau models, we investigate the spinor SO(4) Landau model
whose Hamiltonian is the square of a relativistic Landau operator. The analysis of the spinor Landau model
is a preliminary step to more complicated relativistic Landau models, but the spinor Landau model has
importance in its own right. The spinor Landau model includes a synthesized connection of the spin and the
gauge connections just like the relativistic Landau models. In Sec.4.1 we discuss special properties of the
synthesized connection to present a basic idea to solve the eigenvalue problem. Based on the observation,
we introduce the SO(4) angular momentum operators in Sec.4.2 and explicitly solve the eigenvalue problem
in Sec.4.3. We discuss the physics described by the spinor SO(4) Landau model in Sec.4.4.
4.1 Synthesized connection
As mentioned in Sec.3, the components of the spin connection and the SU(2) gauge field are exactly
equivalent and their difference is just the representation of the SU(2) generators:
ωµ = ω
i
µ
1
2
σi, Aµ = ω
i
µ S
(I/2)
i . (151)
The synthesized connection of the spin connection and the gauge field is:17
Aµ = ωµ ⊗ 1I+1 + 12 ⊗A(I/2)µ = ωiµ(
1
2
σi ⊗ 1I+1 + 12 ⊗ S(I/2)i ). (µ = 1, 2, 3, 4) (153)
Notice that in the present model, the common factor ωiµ can be extracted in front of the synthesized SU(2)
generators. We can then decompose the SU(2) representations to two direct sum of the two irreducible
representations. The generators of the synthesized SU(2) gauge group are
1
2
σi ⊗ 1I+1 + 12 ⊗ S(I/2)i , (154)
which are irreducibly decomposed as
1
2
⊗ I
2
= J+(≡ I
2
+
1
2
) ⊕ J−(≡ I
2
− 1
2
) (155)
or more explicitly
1
2
σi ⊗ 1I+1 + 12 ⊗ S(I/2)i =⇒ U †(
1
2
σi ⊗ 1I+1 + 12 ⊗ S(I/2)i )U =
(
S
(J+)
i 0
0 S
(J−)
i
)
. (156)
U denotes 2(I + 1)× 2(I + 1) unitary matrix constructed by the Clebsch-Gordan coefficients:
U =
(
C+ C−
) ≡ (CJ+,A+1
2 ,
1
2σ ;
I
2 ,m
CJ
−,A−
1
2 ,
1
2σ ;
I
2 ,m
)
. (157)
The column is specified by the index (σ,m) (σ = +,−, m = I/2, I/2 − 1, · · · ,−I/2) and the row by
A+(= J+, J+ − 1, · · · ,−J+) , A−(= J−, J− − 1, · · · ,−J−).18 C+ and C− represent 2(I + 1) × (I + 2)
17 In the local coordinates on S3, the synthesized connection is given by
Aα = ωα ⊗ 1I+1 + 12 ⊗A(I/2)α = ωiα(
1
2
σi ⊗ 1I+1 + 12 ⊗ S(I/2)i ). (α = χ, θ, φ) (152)
18For instance I/2 = 1/2, we have
U =
1√
2


√
2 0 0 0
0 1 0 1
0 1 0 −1
0 0
√
2 0

 . (158)
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and 2(I + 1) × I rectangular matrices, respectively. The unitary transformation (157) decomposes the
synthesized SU(2) connection space to the direct sum of the two SU(2) spaces of spin J+ and J−, such as
U †AµU =
(
A
(J+)
µ 0
0 A
(J−)
µ
)
. (159)
As usual, we construct the covariant derivatives for the synthesized connection:
Dµ = ∂µ + iAµ ≡ ∂µ + iωµ ⊗ 1+ i1⊗Aµ, (160)
and the field strength:19
Fµν = −i[Dµ,Dν ] = fµν ⊗ 1+ 1⊗ Fµν = f iµν(
1
2
σi ⊗ 1I+1 + 12 ⊗ S(I/2)i ), (162)
where
fµν = ∂µων − ∂νωµ + i[ωµ, ων ]. (163)
They are also block diagonalized as
U †DµU =
(
D
(J+)
µ 0
0 D
(J−)
µ
)
, U †FU =
(
F (J
+) 0
0 F
(J−)
µ
)
. (164)
The spinor Landau model is thus decomposed to the direct sum of two SO(4) Landau models of SU(2)
gauge fields with SU(2) index J+ and J−, and the eigenvalue problem is boiled down to those of the SO(4)
Landau models with J+ and J− sectors. Therefore, to solve the eigenvalue problem, what we need to do
is just to apply the method of Sec.3 to each of the sectors.
4.2 SO(4) synthesized angular momentum
As the gauge connection is simply replaced with the synthesized connection, we introduce the synthesized
SO(4) angular momentum operators as
Λµν = −ixµDν + ixνDµ, Lµν = Λµν + Fµν . (165)
By the unitary transformation (157), they are transformed to the block-diagonalized forms:
U †ΛµνU =
(
Λ
(J+)
µν 0
0 Λ
(J−)
µν
)
, U †LµνU =
(
L
(J+)
µν 0
0 L
(J−)
µν
)
. (166)
It is obvious that they satisfy the similar relations in Sec.3.2:∑
µ<ν
ΛµνFµν =
∑
µ<ν
FµνΛµν = 0,
∑
µ<ν
Lµν2 =
∑
µ<ν
Λµν
2 +
∑
µ<ν
Fµν2. (167)
For
Tµν = Lµν , Λµν , Fµν , (168)
the SO(4) covariance is realized as
[Lµν , Tρσ] = iδµρTνσ − iδµσTνρ + iδνσTµρ − iδνρTµσ. (169)
19 More concisely,
F = 1
2
Fµνdxµ ∧ dxν = 1
2
ǫijke
i ∧ ej( 1
2
σk ⊗ 1I+1 + 12 ⊗ S(I/2)k ). (161)
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The SO(4) Casimir ∑
µ<ν
Lµν2 = U

∑µ<ν L(J+)µν 2 0
0
∑
µ<ν L
(J−)
µν
2

U †, (170)
is diagonalized as
∑
µ<ν
Lµν2 =⇒ U †
∑
µ<ν
Lµν2 U =
(C+(n+, s+)12J++1 0
0 C−(n−, s−)12J−+1
)
, (171)
where
C+(n+, s+) = (n+ + J+)(n+ + J+ + 2) + s+2, (172a)
C−(n−, s−) = (n− + J−)(n− + J− + 2) + s−2, (172b)
with n+, n− = 0, 1, 2, 3, · · · , s+ = −J+,−J+ + 1, · · · , J+ and s− = −J−,−J− + 1, · · · , J−. There exist
degeneracies, C+(n, s) = C+(n,−s) = C−(n+1, s) = C−(n+1, s). The corresponding eigenstates are given
by the following 2(I + 1) component states:
Ψ
(n+,±s+,J+)
M+L ,M
+
R
≡ U
(
Φ
(n+,±s+,J+)
M+L ,M
+
R
0I
)
= C+Φ
(n+,±s+,J+)
M+L ,M
+
R
, (173a)
Ψ
(n−,±s−,J−)
M−L ,M
−
R
≡ U
(
0I+2
Φ
(n−,±s−,J−)
M−L ,M
−
R
)
= C−Φ(n
−,±s−,J−)
M−L ,M
−
R
, (173b)
where Φ
(n+,±s+,J+)
M+L ,M
+
R
and Φ
(n−,±s−,J−)
M−L ,M
−
R
denote the SO(4) monopole harmonics (111) with (I + 2) and I
components, respectively.20
4.3 Eigenvalue Problem
With the synthesized connection, we adopt the following as the spinor Landau Hamiltonian
H =
∑
µ<ν
Λµν
2 +
1
2
((I + 3)C+C+
† − (I − 1)C−C−†)
=
∑
µ<ν
Λµν
2 +
1
2
U
(
(I + 3)1I+2 0
0 −(I − 1)1I
)
U. (176)
20Using the explicit form of C+ and C− (157), the components of (173) can be expressed as
Ψ
(n+,±s+,J+)
M+
L
,M+
R
(x) 1
2
, 1
2
σ; I
2
,m
=
L+∑
M′
L
=−L+
R+∑
M′
R
=−R+
〈1
2
,
1
2
σ;
I
2
, m|PJ+ |L+,M ′L; R+,M ′R〉 ·Ψ(L
+)(χ)M′
L
,ML
Ψ(R
+)(−χ)M′
R
,MR
,
Ψ
(n−,±s−,J−)
M−
L
,M−
R
(x) 1
2
, 1
2
σ; I
2
,m
=
L−∑
M′
L
=−L−
R−∑
M′
R
=−R−
〈1
2
,
1
2
σ;
I
2
,m|PJ− |L−,M ′L; R−,M ′R〉 ·Ψ(L
−)(χ)M′
L
,ML
Ψ(R
−)(−χ)M′
R
,MR
,
(174)
where σ = +1,−1, m = I/2, I/2 − 1, · · · ,−I/2, and P J± is the projection operator to the Hilbert space of the SU(2) index
J±:
PJ± ≡
J±∑
A=−J±
|J±, A〉〈J±, A|. (175)
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The constant matrix term on the right-hand side was added for the spinor Landau Hamiltonian to be the
precise square of the Weyl-Landau operator (see Sec.5). From (167) and
∑
µ<ν
Fµν2 = U

S(J+)2 0
0 S(J
+)
2

U † = U (14 (I + 1)(I + 3)1I+2 0
0 14 (I − 1)(I + 1)1I
)
U †, (177)
we find that (176) is essentially the SO(4) Casimir made of Lµν :
H =
∑
µ<ν
Lµν2 − 1
4
(I − 1)(I + 3). (178)
The spinor Landau Hamiltonian is invariant under the SO(4) rotations. Recalling the results in Sec.4.2,
we can derive the energy eigenvalues, E+n (s) for J
+-sector and E−n (s) for J
−-sector. For E±n (s), the range
of the indices are n = 0, 1, 2, · · · , s = −J±,−J±+1, · · · , J±, and hence we have En(s) = n(I +n+1)+ s2
with n = 0, 1, 2, · · · and s = −J+,−J+ + 1, · · · , J+. In detail,
|s| = J+ : En(J+) ≡ E+n−1(±J+) = (n+
I − 1
2
)2, (179a)
|s| ≤ J− : En(s) ≡ E−n (±s) = E+n−1(±s) = n(I + n+ 1) + s2, (179b)
n = 0 : E−0 (s) = E
−
0 (−s) = s2 (|s| ≤ J−), (179c)
where
n = 1, 2, 3, · · · , s = −I
2
+
1
2
,−I
2
+
3
2
, · · · , I
2
− 1
2
. (180)
The schematic picture of the spectrum is given by Fig.2. Note that J− = I2 − 12 ≥ 0 is not well defined for
I = 0, and then the energy levels (179b) and (179c) vanish in the free background limit. (See Appendix
B.3 also.) The degeneracies are
2(2L+(n− 1, J+) + 1)(2R+(n− 1, J+) + 1) = 2n(n+ I + 1), (181a)
4(2L−(n, s) + 1)(2R−(n, s) + 1)(1− δI,0) = (2n+ I + 2s+ 1)(2n+ I − 2s+ 1)(1− δI,0) (181b)
(2L−(0, s) + 1)(2R−(0, s) + 1)(2− δs,0)(1− δI,0) = (2− δs,0)(I + 1
2
+ s)(
I + 1
2
− s)(1− δI,0). (181c)
In (181c), s = 0 is special:
(
I + 1
2
)2 = 1, 22, 32, · · · , (182)
which is equal to the degeneracy (2j+1)2 (j = 0, 1/2, 1, 3/2, · · · ) of two particles with identical spin j. The
explicit forms of the eigenstates are given by
Ψ
(n−1,±J+J+)
ML,MR
, (n = 1, 2, · · · ) (183a)
Ψ
(n,±s,J−)
ML,MR
, Ψ
(n−1,±s,J+)
ML,MR
, (n = 1, 2, · · · ) (183b)
Ψ
(0,±s,J−)
ML,MR
. (183c)
The lowest Landau level of the SO(4) spinor Landau model (179c) comes only from that of the J−-sector,
and (179b) from nth Landau level in the J+-sector and (n − 1)th Landau level in the J−-sector, because
of n + J+ = (n + 1) + J−. These features are similar to those of the SO(3) spinor Landau model on S2
[1]. However, (179a) comes only from the |s| = J+ subband of nth Landau level, which is a new feature
not observed in the SO(3) spinor Landau model.
24
Figure 2: Energy spectra of the spinor Landau model
25
4.4 Interactions in the spinor Landau Hamiltonian
We discuss interactions that the spinor Landau model describes. In (59), we saw that the non-relativistic
SO(4) Landau Hamiltonian includes the (gauge) spin-orbit interaction. Since the synthesized connection
consists of two kinds of spins coming from the holonomy and gauge groups, the spinor Landau Hamiltonian
is expected to represent their interactions also.
We first decompose the SO(4) synthesized angular momentum operator as
Lµν = Lµν + sµν (184)
where Lµν contain the gauge spin and the holonomy spin sµν :
Lµν = −ixµDν + ixνDµ + 1⊗ Fµν , (185a)
sµν = (xµων − xνωµ + fµν)⊗ 1. (185b)
The square of SO(4) total angular momentum is derived as
Lµν2 = Lµν2 + 2sµνLµν + sµν2, (186)
where we used
lµνsµν = −2ixµ∂νsµν = 0. (187)
Lµν
2 is given by (59). The second term on the right-hand side of (186) contains the holonomy spin-orbit
interaction and the holonomy gauge spin-spin interaction. Indeed in the Dirac gauge
ωi = − 1
2(1 + x4)
ǫijkxjσk, ω4 = 0, fij = −xiωj + xjωi + 1
2
ǫijkσk, fi4 = (1 + x4)ωi, (188)
the holonomy part (185b) is simply represented as
sij =
1
2
ǫijkσk, si4 = ωi, (189)
and the second term of (186) becomes
2
∑
µ<ν
sµνLµν = σi⊗LDi +2ωi⊗Ki =
1
1 + x4
σ ·l+ 2
1 + x4
(
σ⊗S(I/2)− 1
2(1 + x4)
(x·σ)⊗(x·S(I/2))
)
, (190)
where both LDi (77) and Ki (79) contain the gauge spin S
(I/2)
i . The last term on the right-hand side of
(186) can be expressed as ∑
µ<ν
sµν
2 = ωµ
2 +
∑
µ<ν
fµν
2 =
1
1 + x4
+
1
4
. (191)
Consequently, the spinor Landau Hamiltonian (178) is represented as
H =
∑
µ<ν
lµν
2 +
2
1 + x4
S(I/2) · l+ 1
1 + x4
σ · l + 2
1 + x4
(
σ ⊗ S(I/2) − 1
2(1 + x4)
(x · σ)⊗ (x · S(I/2))
)
− 1
(1 + x4)2
(x · S(I/2))2 + 1− x4
4(1 + x4)
I(I + 2) +
2 + x4
1 + x4
. (192)
The second, third and fourth terms respectively stand for the gauge spin-orbit, holonomy spin-orbit, and
holonomy gauge spin-spin interactions. With special combination of such interactions, the spinor Landau
Hamiltonian (192) respects the SO(4) symmetry.
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5 Relativistic Landau Models
Behind the SO(4) Landau models, we implicitly assumed (3 + 1) space-time (whose spacial manifold is
S3), and we refer to 2×2 Dirac operator as the Weyl operator and 4×4 Dirac operator as the Dirac operator
simply. The previous results of the spinor Landau models are applied to solve the eigenvalue problems of
the relativistic Landau models. In Sec.5.1, we utilize the spin connection to construct the Weyl-Landau
Hamiltonian on S3 and analyze the eigenvalue problem, in which verification of the SO(4) invariance of the
Dirac-Landau operator and an explicit form of the eigenstates are derived. We also account for the existence
of the zero-modes from the non-commutative geometry point of view. It is shown that the obtained results
are reduced to the known formulae of the free Weyl operator in the free background limit. In Sec.5.2, we
make use of the results of the Weyl-Landau model to solve the eigenvalue problem of the massive Dirac-
Landau model. The supersymmetric Landau operator made of the square of the Dirac-Landau operator is
also analyzed.
A convenient gauge to express the relativistic operators on S3 is the Schwinger gauge, which we will
adopt in this section.
5.1 SO(4) Weyl-Landau model
Let us begin with the construction of the Weyl-Landau operator
− i 6D = −ie αa γaDα = −ie αa γa(∂α + iωα ⊗ 1I+1 + i12 ⊗A(I/2)α ). (193)
It is a (2 · (I + 1))× (2 · (I + 1)) matrix-valued differential operator. From (13), the covariant derivatives
− iDα = −i∂α +Aα (194)
are given by
− iDχ = −i∂χ,
− iDθ = −i∂θ − cosχ(1
2
σy ⊗ 1 + 1⊗ S(I/2)y ),
− iDφ = −i∂φ + sin θ cosχ(1
2
σx ⊗ 1 + 1⊗ S(I/2)x )− cos θ(
1
2
σz ⊗ 1 + 1⊗ S(I/2)z ), (195)
and the Weyl-Landau operator is expressed as
−i 6D =− iγ1Dχ − i 1
sinχ
γ2Dθ − i 1
sinχ sin θ
γ3Dφ
=− iσzD˜χ − i 1
sinχ
σxD˜θ − i 1
sinχ sin θ
σyD˜φ, (196)
or
− i 6D =
(
−iD˜χ −i 1sinχ D˜θ − 1sinχ sin θ D˜φ
−i 1sinχ D˜θ + 1sinχ sin θ D˜φ iD˜χ
)
, (197)
where
D˜χ ≡ ∂χ + cotχ = Dχ + cotχ,
D˜θ ≡ ∂θ − i cosχS(I/2)y +
1
2
cot θ = Dθ +
1
2
cot θ,
D˜φ ≡ ∂φ − i cos θS(I/2)z + i cosχ sin θS(I/2)x = Dφ. (198)
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The last terms of D˜χ and D˜θ are non-hermitian terms that come from the spin connection (13) (as in the
case of the Dirac-Landau operator on S2 [1]); cotχ in D˜χ is from ω
1
2 and ω
3
1, and
1
2 cot θ in D˜θ from
ω2 3
21. In the previous study of the SO(3) Landau model [1], we showed that the Dirac-Landau operator is
invariant under the SO(3) rotation. In the present case, the Weyl-Landau operator (193) is invariant under
the transformations generated by the SO(4) synthesized angular momentum operators. To see this, we use
explicit coordinate representation of the Weyl-Dirac operator and SO(4) angular momentum operators.
Having established the gauge transformation (Sec.3.4.1), it is not difficult to work either in the Dirac gauge
or in the Schwinger gauge to demonstrate
[−i 6D,Lµν ] = 0. (200)
As the Weyl-Landau operator is SO(4) singlet, the Weyl-Landau operator eigenvalues should have degen-
eracies due to the existence of the SO(4) symmetry. In other words, the Weyl-Landau operator eigenstates
consist of the SO(4) Landau level basis states of the spinor Landau model.
Let us first derive the eigenvalues of the Weyl-Landau operator. The square of the Weyl-Landau operator
gives the spinor Landau Hamiltonian (178):
(−i 6D)2 =
∑
µ<ν
Lµν2 − S(I/2)
2
+
3
4
=
∑
µ<ν
Lµν2 − 1
4
(I + 3)(I − 1). (201)
The first equation of (201) can be checked rigorously from the Weyl-Landau operator (197) and the SO(4)
angular momentum operators.22 With the results in Sec.4.3, we can readily obtain the Weyl-Landau
operator eigenvalues as±λn(s) = ±
√
n(n+ I + 1) + s2 with n = 0, 1, 2, · · · and s = −J+,−J++1, · · · , J+,
or
|s| = J+ : + λ(n, I + 1
2
) = +(n+
I + 1
2
), − λ(n, I + 1
2
) = −(n+ I + 1
2
) (204a)
|s| ≤ J− : + λ(n, s) = +
√
n(I + n+ 1) + s2, − λ(n, s) = −
√
n(I + n+ 1) + s2, (204b)
n = 0 : + λ(0, s) = s (s ≥ 0), − λ(0, s) = s (s ≤ 0), (204c)
where
n = 1, 2, 3, · · · , s = −I
2
+
1
2
,−I
2
+
3
2
, · · · , I
2
− 1
2
. (205)
(In the free background limit I = 0, there do not exist the eigenstates for (204b) and (204c), as in the case
of the spinor Landau model.) Notice that the zeroth Landau level (204c) does not explicitly depend on
the monopole charge and remains in low energy region even in I →∞ limit. The schematic picture of the
Weyl-Landau operator is given by Fig.3. The degeneracies for (204) are respectively given by
21The spin connection 6ω = e αa γaωα is given by
Schwinger gauge : 6ωS = −i cotχ σz − i
1
2 sinχ
cot θ σx,
Dirac gauge : 6ωD = i tan(
χ
2
) (sin θ cosφ σx + sin θ sinφ σy + cos θ σz) = i tan(
χ
2
) xˆ · σ. (199)
22(201) can also be derived from a general formula [55, 37, 38]
(−i 6D)2 = CSO(4) − CSO(3) +
1
8
RS3 (202)
with
RS3 = d(d − 1)|d=3 = 6. (203)
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Figure 3: The Weyl-Landau operator spectra. The spectral patterns are different with respect to the parity
of I. In particular for odd I, there appear zero-modes (s = 0).
(n+ I + 1)n, (206a)
2(n+
I
2
+
1
2
+ s)(n+
I
2
+
1
2
− s) × (1 − δI,0), (206b)
(
I + 1
2
+ s)(
I + 1
2
− s) × (1 − δI,0). (206c)
The explicit forms of the eigenstates are
Ψ
(n−1,−J+,J+)
ML,MR
, Ψ
(n−1,J+,J+)
ML,MR
, (207a)
αs Ψ
(n−1,s,J+)
ML,MR
+ βs Ψ
(n,s,J−)
ML,MR
, βs Ψ
(n−1,−s,J+)
ML,MR
− αs Ψ(n,−s,J
−)
ML,MR
, (207b)
Ψ
(0,s,J−)
ML,MR
(s ≥ 0), Ψ(0,s,J−)ML,MR (s ≤ 0), (207c)
where αs and βs are the coefficients (subject to αs
2 + βs
2 = 1) that are determined so that (207b) be the
eigenstates of the Weyl-Landau operator with the eigenvalues (204b). In Appendix E, we explicitly derive
αs and βs and construct the Weyl-Landau operator eigenstates for several cases. As mentioned above, the
Weyl-Landau operator eigenstates (207) are the SO(4) ≃ SU(2)L ⊗ SU(2)R irreducible representations
with the indices (L,R):
(
1
2
(n− 1), 1
2
(n+ I)), (
1
2
(n+ I),
1
2
(n− 1)), (208a)
(
1
2
(n+
I
2
− 1
2
) +
s
2
,
1
2
(n+
I
2
− 1
2
)− s
2
)), (
1
2
(n+
I
2
− 1
2
)− s
2
,
1
2
(n+
I
2
− 1
2
) +
s
2
)), (208b)
(
1
2
(
I
2
− 1
2
) +
s
2
,
1
2
(
I
2
− 1
2
)− s
2
) (s ≥ 0), (1
2
(
I
2
− 1
2
)− s
2
,
1
2
(
I
2
− 1
2
) +
s
2
) (s ≤ 0). (208c)
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For s = 0, two representations of (208c) coincide to be (L,R) = (14 (I − 1), 14 (I − 1)). (207b) consists of
both the (n− 1)th Landau level basis states in J+-sector and the nth Landau level in J−-sector, because
n−1+J+ = n+J−. This feature is similar to that of the SO(3) Dirac-Landau model on S2 [1]. Meanwhile,
(207a) comes only from the non-relativistic nth Landau level with replacement of I/2 with J+, and this is
a new feature in the SO(4) model.
Notice that the zeroth Landau level (204c) comes only from the lowest Landau level of J−-sector, and
the relativistic zeroth Landau level is exactly equal to that of the non-relativistic lowest Landau level with
replacement of I/2 with J− = (I − 1)/2. This property is also observed in the SO(3) model on S2 [1].
For the zeroth Landau level, the spectrum of the subbands is exactly equal to the corresponding chirality
parameter:
− i 6Dn=0 = s. (209)
Therefore the reflection symmetry between the positive and negative eigenvalues in the zeroth Landau level
is identical to the LR symmetry:
s ↔ − s. (210)
Thus in the relativistic Landau model, the left-right symmetry of the non-relativistic Landau model is
realized as the chiral symmetry (of the zeroth Landau level).
5.1.1 The lowest Landau level and the zero-modes
In [37], we showed that the total degeneracy of the SO(4) zeroth Landau level is equal to the 2nd Chern
number of the SO(5) Landau model:
νtotal3D =
I−1
2∑
s=− I−12
(
I + 1
2
+ s)(
I + 1
2
− s) = 1
6
I(I + 1)(I + 2) = c2, (211)
as a manifestation of the dimensional ladder of anomaly. The total degeneracy of the zeroth Landau level
thus finds its topological origin in one dimension higher space.
In even dimensions, the existence of Dirac-Landau operator zero-modes is accounted for by the Atiyah-
Singer index theorem [55, 15]. Though constructed on three-sphere, the SO(4) relativistic Landau model
also accommodates the zero-modes for odd I. Here we discuss the origin of such zero-modes. For odd
I = 2q − 1 (q = 1, 2, 3, · · · ), the explicit form of the zero-modes is given by
Ψ
(n=0,s=0,J−)
ML,MR
∝ ψL1
J−
2 +MLψL2
J−
2 −ML ⊗ ψR1
J−
2 +MRψR2
J−
2 −MR , (−J
−
2
≤ML,MR ≤ J
−
2
) (212)
with degeneracy
νzero3D ≡ (J− + 1)2 = q2. (213)
Each of the SU(2) representations, ψL1
J−
2 +MLψL2
J−
2 −ML and ψR1
J−
2 +MRψR2
J−
2 −MR , is the zero-modes
of the SO(3) relativistic models with U(1) monopole charge q/2 = (I + 1)/4. Due to the Atiyah-Singer
index theorem, the degeneracy of such zero-modes on two-sphere is equal to the 1st Chern number, c1 =
1
2π
∫
S2 Fˆ = q. Therefore, the zero-mode degeneracy of the Weyl-Landau operator can be expressed by the
1st Chern-number:
νzero3D = c1
2 (214)
In this sense, the zero-modes on S3 originates from the topological quantity in one dimension lower 2D space.
From the viewpoint of the non-commutative geometry, the fuzzy three-sphere is represented as[35, 30]23
S3F ≃ (SU(2)L ⊗ SU(2)R)/(U(1)L ⊗ U(1)R) ≃ S2L ⊗ S2R, (217)
23 (217) is naturally induced from the chiral Hopf map (29):
S3L ⊗ S3R
S1L⊗S
1
R−→ S2L ⊗ S2R. (215)
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meaning that the fuzzy three-sphere is essentially the product of two independent fuzzy two-spheres. As the
zero-mode degeneracy is equal to the dimension of fuzzy sphere [15], it may be natural that the zero-modes
on S3 is given by the product of the zero-modes on two S2s.
5.1.2 Reduction to the free Weyl model
In the free background limit I → 0, the synthesized gauge field becomes the spin connection, and
Lµν |I/2=0 = −ixµ(∂ν+iων)+ixν(∂µ+iωµ) is formally equivalent to the non-relativistic angular momentum,
Lµν = −ixµ(∂ν + iA(I/2)ν ) + ixν(∂µ + iA(I/2)µ ) with minimal monopole charge I/2 = 1/2 (see Appendices
B.2 and B.3). Therefore, the eigenstates of L(I/2=0)µν
2
are given by the SO(4) monopole harmonics with
I/2 = 1/2.
Also in the relativistic Landau model for I = 0, the Weyl-Landau operator is reduced to the free Weyl
operator, −i 6∇ = −ie αa γa(∂α + iωα), and the chirality parameter (205) becomes
s = +
1
2
, − 1
2
, (218)
and only (204a) survives in (204) to give the eigenvalue
− i 6∇ = ±(n+ 3
2
) (n = 0, 1, 2, · · · ), (219)
with degeneracy (206a)
(n+ 2)(n+ 1). (220)
(In the convention (219), n starts from 0 not 1 unlike (205).) These indeed coincide with the known results
of the free Weyl operator (Appendix B.2). The free Weyl operator spectra are given by Fig.4. When I = 0,
J− no longer exists, and only (207a) with J+ = 1/2 becomes the eigenstates:
− i 6∇ = +(3
2
+ n) : Ψ
(n,−1/2,1/2)
M+L ,M
+
R
(x) = Φ
(n,−1/2,1/2)
M+L ,M
+
R
(x),
− i 6∇ = −(3
2
+ n) : Ψ
(n,+1/2,1/2)
M+L ,M
+
R
(x) = Φ
(n,+1/2,1/2)
M+L ,M
+
R
(x), (221)
where Φ(n,s,1/2)mL,mR denote the SO(4) monopole harmonics (111). We can also show that (221) is transformed
to the known expression of the free Weyl operator eigenstates ψ
(±)
n,l,m,σ (318) as
ψ
(+)
n,l,m,σ(χ, θ, φ) = i
l σm
L∑
ML=−L
R∑
MR=−R
〈l + 1
2
,−σ(m+ 1
2
)|L,ML;R,MR〉|(L,R)=(n2 ,n+12 )Ψ
(n,−1/2,1/2)
ML,MR
(x),
ψ
(−)
n,l,m,σ(χ, θ, φ) = i
l σm
L∑
ML=−L
R∑
MR=−R
〈l + 1
2
,−σ(m+ 1
2
)|L,ML;R,MR〉|(L,R)=(n+12 ,n2 )Ψ
(n,+1/2,1/2)
ML,MR
(x),
(222)
with σ = +, − . We thus established the relations between the obtained results of the SO(4) Weyl-Landau
model and the free Weyl model [45, 46, 47].
In arbitrary odd dimension, (217) is generalized as [35],
S2k−1F ≃ SO(2k)/(U(1) × U(k − 1)). (216)
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Figure 4: The free Weyl operator spectrum. The special subbands with s = ±J+ (denoted by blue in
Fig.3) survive in the free limit.
5.2 SO(4) Dirac-Landau model
Next we analyze the Weyl-Landau operator to the Dirac-Landau operator. From SO(4) gamma matrices
Γa =
(
γa 0
0 −γa
)
(a = 1, 2, 3), Γ4 =
(
0 12
12 0
)
, (223)
with γa (16), the massive Dirac-Landau Hamiltonian is constructed as
− i 6D +MΓ4 = −ie αa Γa(∂α + iAα) +MΓ4 =
(−i 6D M
M i 6D
)
. (224)
The mass term appears as the off-diagonal blocks. The SO(4) angular momentum operators are similarly
given by
Lµν =
(Lµν 0
0 Lµν
)
, (225)
with Lµν (165) on the right-hand side. The chirality matrix is
Γ5 = −Γ1Γ2Γ3Γ4 =
(
0 −i12
i12 0
)
. (226)
The massive Dirac Hamiltonian respects both of the SO(4) symmetry
[−i 6D +MΓ4,Lµν ] = 0, (227)
and the chiral symmetry
{−i 6D +MΓ4,Γ5} = 0 (228)
or
Γ5(−i 6D +MΓ4)Γ5 = i 6D −MΓ4. (229)
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The chiral symmetry guarantees the reflection symmetry of the positive and negative energy levels with
respect to the zero-energy. The Dirac-Landau operator (224) can then be regarded as a Hamiltonian of
chiral topological insulator. (229) suggests that the chiral transformation is equivalent to the sign flips of
the Dirac-Landau operator and the mass parameter:
−i 6D → + i 6D, (230a)
M → −M. (230b)
In particular for the zeroth Landau level, the chiral transformation corresponds to
s → − s. (231)
Thus, the left-right symmetry of the non-relativistic SO(4) Landau model can be translated as the chiral
symmetry in the Dirac-Landau model.
Having solved the eigenvalue problem of the Weyl-Landau operator, we can readily analyze the massive
Dirac-Landau problem
(−i 6D +MΓ4)Ξ±Λn(s) = ±Λn(s)Ξ±Λn(s). (232)
Since (−i 6D +MΓ4)2 = (−i 6D)2 +M2 = λ2 +M2, the eigenvalues are derived as
± Λn(s) = ±
√
λn(s)
2
+M2, (233)
or
+ Λn(
I + 1
2
) = +
√
(
I + 1
2
+ n)2 +M2, − Λn(I + 1
2
) = −
√
(
I + 1
2
+ n)2 +M2, (234a)
+ Λn(s) = +
√
n(I + 1 + n) + s2 +M2, − Λn(s) = −
√
n(I + 1 + n) + s2 +M2, (234b)
+ Λ0(s) = +
√
s2 +M2, − Λ0(s) = −
√
s2 +M2, (234c)
where n = 1, 2, · · · and s = I−12 , I−12 − 1, · · · ,− I−12 (Fig.5). Notice the gap between the positive and
negative subbands of the zeroth Landau level is ∼M , and the gap does not close even in the thermodynamic
limit. Each of the eigenvalues (234) has the following degeneracy:
2(n+ I + 1)n, (235a)
(2n+ I + 2s+ 1)(2n+ I − 2s+ 1)× (1− δI,0), (235b)
(
I + 1
2
+ s)((
I + 1
2
− s))× (2− δs,0(1 − δM,0))(1 − δI,0). (235c)
For even I, zero-modes do not appear, while for odd I, the states withe energies M and −M (s = 0)
coincide to become degenerate zero-modes in the massless limit. For (234b), the degenerate eigenstates are
given by
Ξ
(1)
+Λn(s)
=
√
Λn(s) + λn(s)
2Λn(s)
(
Ψ+λn(s)
M
Λn(s)+λn(s)
Ψ+λn(s)
)
, Ξ
(2)
+Λn(s)
=
√
Λn(s) + λn(s)
2Λn(s)
(
M
Λn(s)+λn(s)
Ψ−λn(s)
Ψ−λn(s)
)
,
(236a)
Ξ
(1)
−Λn(s) =
√
Λn(s) + λn(s)
2Λn(s)
(
− MΛn(s)+λn(s) Ψ+λn(s)
Ψ+λn(s)
)
, Ξ
(2)
−Λn(s) =
√
Λn(s) + λn(s)
2Λn(s)
(
Ψ−λn(s)
− MΛn(s)+λn(s) Ψ−λn(s)
)
,
(236b)
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Figure 5: Energy spectra of the massive Dirac-Landau model.
where Ψ±λn(s) represents the Weyl-Landau operator eigenstates with eigenvalues ±λn(s) (207). Ξ±Λn(s)
transforms as a representation of the SO(4) group generated by Lµν . The chiral symmetry relates the
eigenstates (236) as
Ξ
(1)
+Λn(s)
= +iΓ5Ξ
(2)
−Λn(s), Ξ
(2)
+Λn(s)
= −iΓ5Ξ(2)−Λn(s). (237)
Similarly for (234a) and (234c), the degenerate eigenstates are respectively given by
Ξ
(2)
Λn(J+)
, Ξ
(1)
Λn(−J+), Ξ
(1)
−Λn(J+), Ξ
(2)
−Λn(−J+), (238a)
Ξ
(1)
Λ0(s)
(s ≥ 0), Ξ(2)Λ0(s) (s ≤ 0), Ξ
(2)
−Λ0(s) (s ≥ 0), Ξ
(1)
−Λ0(s) (s ≤ 0). (238b)
In the zeroth Landau level of s = 0, Ξ(1) and Ξ(2) (238b) are not independent:
Ξ
(1)
Λ0(0)=M
= Ξ
(2)
Λ0(0)=M
=
1√
2
(
Ψλ=0
Ψλ=0
)
, Ξ
(2)
−Λ0(0)=−M = −Ξ
(1)
Λ0(0)=−M =
1√
2
(
Ψλ=0
−Ψλ=0
)
. (239)
5.2.1 Supersymmetric Landau model
The square of the Dirac-Landau operator yields a supersymmetric quantum mechanical Hamiltonian:
HSUSY = (−i 6D)2 =
(
(−i 6D)2 0
0 (+i 6D)2
)
= {Q,Q†}, (240)
where
Q =
(
0 −i 6D
0 0
)
, Q† =
(
0 0
−i 6D 0
)
. (241)
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Q and Q† are supercharges that satisfy
Q2 = 0, Q†
2
= 0, [HSUSY, Q] = [HSUSY, Q
†] = 0. (242)
The SUSY Hamiltonian (240) consists of two identical spinor Landau Hamiltonians, and its eigenvalues are
λn(s)
2 = n(n+ I + 1) + s2 with the degenerate eigenstates
Ξ
(1)
λn(s)
=
(
Ψλn(s)
0
)
, Ξ
(2)
λn(s)
=
(
0
Ψ−λn(s)
)
, Ξ
(1)
−λn(s) =
(
0
Ψλn(s)
)
, Ξ
(2)
−λn(s) =
(
Ψ−λn(s)
0
)
. (243)
The Witten parity
W =
[Q,Q†]
{Q,Q†} (244)
is given by
W =
1
λ2
(
(−i 6D)2 0
0 −(−i 6D)2
)
=
(
1 0
0 −1
)
. (245)
(
Ψ±λ
0
)
belongs to the Witten parity + (“fermionic”) sector, while
(
0
Ψ±λ
)
the Witten parity− (“bosonic”)
sector. They are the superpartner related by the SUSY transformation:(
Ψ±λ
0
)
= ± 1
λ
Q
(
0
Ψ±λ
)
,
(
0
Ψ±λ
)
= ± 1
λ
Q†
(
Ψ±λ
0
)
. (λ 6= 0) (246)
For odd I, the ground-state of HSUSY is given by SUSY invariant zero-energy state (good SUSY), while
for even I, the ground-state is not zero-energy state and does not respect the SUSY (broken SUSY). We
can also consider the square of the massive Dirac-Landau Hamiltonian
HM = (−i 6D +MΓ4)2 = (−i 6D)2 +M2 = HSUSY +M2. (247)
The mass term just shifts the zero-energy of the spectrum of HSUSY.
6 Matrix Geometry
In the above, we introduced the various SO(4) Landau models and solved their eigenvalue problem.
With the developed technologies and results, we are now ready to evaluate the matrix geometry of the
SO(4) Landau levels. We concretely derive the matrix elements of S3 coordinates in each of the Landau
levels based on the level projection method to appreciate the emergent non-commutative geometry. We
first derive the fuzzy three-sphere geometry of the SO(4) non-relativistic Landau model in Sec.6.1, and
next we explore fuzzy geometry of the spinor Landau model and relativistic Landau models in Sec.6.2 and
Sec.6.3. We point out that the massive Dirac-Landau model accommodates the two fuzzy three-spheres
whose interaction is induced by the mass term (Sec.6.3).
We switch the notation from Φ(n,s,I/2)mL,mR to Φ
[lL,lR,I/2]
mL,mR in this section.
6.1 Landau level projection
We apply the level projection method to the SO(4) non-relativistic Landau model. The basis states of
the Landau level subband En(s) (92) are the SO(4) monopole harmonics carrying the indices
(n, I/2, s), (n, I/2,−s), (248)
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or in the SO(4) ≃ SU(2)⊗ SU(2) notation,
(lL, lR) = (
1
2
(n+
I
2
+ s),
1
2
(n+
I
2
− s)), (l′L, l′R) = (lR, lL). (249)
The matrix elements of xµ in the Landau level subband are then given by
Xµ(n) =
(〈lL, lR|xµ|lL, lR〉 〈lL, lR|xµ|lR, lL〉
〈lR, lL|xµ|lL, lR〉 〈lR, lL|xµ|lR, lL〉
)
. (250)
Each of the blocks in (250) denotes a square matrix of d(n, s)× d(n, s) with
d(n, s) = d(n,−s) = (2lL + 1)(2lR + 1) = (n+ I
2
+ s+ 1)(n+
I
2
− s+ 1). (251)
To evaluate (250), from (149) we represent xµ as
x1 = −iπ
2
(Φ
[1/2,1/2,0]
1/2,1/2 (x)− Φ
[1/2,1/2,0]
−1/2,−1/2(x)),
x2 = −π
2
(Φ
[1/2,1/2,0]
1/2,1/2 (x) + Φ
[1/2,1/2,0]
−1/2,−1/2(x)),
x3 = i
π
2
(Φ
[1/2,1/2,0]
1/2,−1/2 (x) + Φ
[1/2,1/2,0]
−1/2,1/2 (x)),
x4 =
π
2
(Φ
[1/2,1/2,0]
1/2,−1/2 (x) − Φ
[1/2,1/2,0]
−1/2,1/2 (x)), (252)
and derive the matrix elements, such as 〈lL, lR|Φ[1/2,1/2,0]σ/2,τ/2 |lL, lR〉. The SO(4) vector xµ carries the SU(2)L⊗
SU(2)R index, (lL, lR) = (1/2, 1/2), and so the matrix elements of (250) take finite values only for the cases
that each SU(2) index of SU(2)L ⊗ SU(2)R between the ket and bra differs by ±1/2, i.e. |lL − lR| = 1/2
or |s| = 1/2 (recall (249)). Explicit evaluation of (250) is as follows. From (126), we have
〈lL, lR|Φ[1/2,1/2,0]σ/2,τ/2 |lL, lR〉
=
∫
dΩ3 Φ
[lL,lR,I/2]
mL,mR
†
Φ
[1/2,1/2,0]
σ/2,τ/2 Φ
[lL,lR,I/2]
mL,mR
=
√
(2lL + 1)(2lR + 1)(I + 1)
π2
(−1)−(lL+lR+ I2+ 12 )
{
lL lR I/2
lR lL 1/2
}
ClL,mL1/2,σ/2; lL,nL C
lR,mR
1/2,τ/2; lR,nR
= 0, (σ, τ = +1,−1) (253)
where we used ClL,mL1/2,σ/2; lL,nL = C
lR,mR
1/2,τ/2; lR,nR
= 0. Therefore, the diagonal blocks of (250) always vanish:
〈lL, lR|xµ|lL, lR〉 = 〈lR, lL|xµ|lR, lL〉 = 0(2lL+1)(2lR+1), (254)
and then Xµ(n) take the form of
Xµ(n) =
(〈lL, lR|xµ|lL, lR〉 〈lL, lR|xµ|lR, lL〉
〈lR, lL|xµ|lL, lR〉 〈lR, lL|xµ|lR, lL〉
)
=
(
0d(n,s) Y
(I)
µ (n)
(Y
(I)
µ (n))† 0d(n,s)
)
. (255)
The matrix elements of Y
(I)
µ (n) can be derived as follows. Also from (127), we have
〈lL, lR|Φ[1/2,1/2,0]σ/2,τ/2 |lR, lL〉
=
∫
dΩ3 Φ
[lL,lR,I/2]
mL,mR
†
Φ
[1/2,1/2,0]
σ/2,τ/2 Φ
[lR,lL,I/2]
nR,nL
= (−1)n+1(−1)s+ 12
√
(2lL + 1)(2lR + 1)
π
{
lL lR I/2
lL lR 1/2
}
ClL,mL1
2 ,
σ
2 ; lR,nR
ClR,mR1
2 ,
τ
2 ; lL,nL
= −τ 1
π
δmL,nR+σ2 δmR,nL+
τ
2
×
√
(lL − τnL)(lR + 1 + σnR)
{
lL lR I/2
lL lR 1/2
}
, (256)
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where we used (for lL = lR +
1
2 )
ClL,mL1/2,σ/2;lR,nR =
√
lR + 1 + σnR
2lR + 1
δmL,nR+σ2 , C
lL,mL
1/2,τ/2;lR,nR
= τ
√
lL − τnL
2lL + 1
δmR,nL+ τ2 . (257)
For even I, {
lL lR I/2
lL lR 1/2
}
= 0, (I = 0, 2, 4, · · · ) (258)
and then Yµ = 0. Meanwhile for odd I,{
lL lR I/2
lL lR 1/2
}
= (−1)n+1 2(I + 1)
(2n+ I + 1)(2n+ I + 3)
δ|s|, 12 , (259)
and, as mentioned above, non-zero matrix elements appear only for
|s| = 1/2, (260)
and from (259) we obtain
Y (I)µ (n) =
I + 1
(2n+ I)(2n+ I + 3)
Yˆ (2(lL+lR)=2n+I)µ , (261)
where
Yˆ
(I)
1 =
i
(
δmL,nR+ 12 δmR,nL+
1
2
√
(lL − nL)(lR + 1 + nR) + δmL,nR− 12 δmR,nL− 12
√
(lL + nL)(lR + 1− nR)
)∣∣∣∣
(lL,lR)=(
I
4+
1
4 ,
I
4− 14 )
,
Yˆ
(I)
2 =(
δmL,nR+ 12 δmR,nL+
1
2
√
(lL − nL)(lR + 1 + nR)− δmL,nR− 12 δmR,nL− 12
√
(lL + nL)(lR + 1− nR)
)∣∣∣∣
(lL,lR)=(
I
4+
1
4 ,
I
4− 14 )
,
Yˆ
(I)
3 =
i
(
δmL,nR+ 12 δmR,nL− 12
√
(lL + nL)(lR + 1 + nR)− δmL,nR− 12 δmR,nL+ 12
√
(lL − nL)(lR + 1− nR)
)∣∣∣∣
(lL,lR)=(
I
4+
1
4 ,
I
4− 14 )
,
Yˆ
(I)
4 =(
δmL,nR+ 12 δmR,nL− 12
√
(lL + nL)(lR + 1 + nR) + δmL,nR− 12 δmR,nL+ 12
√
(lL − nL)(lR + 1− nR)
)∣∣∣∣
(lL,lR)=(
I
4+
1
4 ,
I
4− 14 )
.
(262)
Yˆ
(I)
µ are the off-diagonal blocks of the SO(4) gamma matrices in the symmetric representation:24
Γ(I)µ =
(
0 Yˆ
(I)
µ
(Yˆ
(I)
µ )† 0
)
, (I = 1, 3, 5, · · · ) (264)
which satisfy [35, 33]
4∑
µ=1
Γ(I)µ
2
=
1
2
(I + 1)(I + 3)1 (I+3)(I+1)
2
. (I = 1, 3, 5, · · · ) (265)
24For instance,
Γ
(I=1)
µ =
(
0 iσi
−iσi 0
)
,
(
0 12
12 0
)
. (263)
37
(255) is now obtained as
Xµ(n) =
I + 1
(2n+ I + 1)(2n+ I + 3)
Γ(2n+I)µ . (266)
To summarize, the non-trivial matrix geometry appears only in the subband |s| = 1/2 for odd I:
Xµ(n) =
(
0d(n,1/2) Y
(I)
µ (n)
Y
(I)
µ (n)
†
0d(n,1/2)
)
=
I + 1
(2n+ I + 1)(2n+ I + 3)
Γ(2n+I)µ . (267)
In particular, for the lowest Landau level (n = 0),
Xµ(n = 0) =
1
I + 3
Γ(I)µ . (I = 1, 3, 5, · · · .) (268)
Xµ (267) satisfy the relation
4∑
µ=1
Xµ(n)Xµ(n) = R
(I)
n
2
1 1
2 (2n+I+1)(2n+I+3)
(269)
with
R(I)n ≡
I + 1√
2(2n+ I + 1)(2n+ I + 3)
. (270)
The relation (269) is invariant under the SO(4) rotations and is a non-commutative counterpart of the
definition of three-sphere. We thus find that Xµ denote the matrix coordinates of fuzzy three-sphere. The
radius decreases as the Landau level increases. A similar behavior is observed in the fuzzy two-sphere of the
SO(3) Landau model [1]. In each Landau level, only the |s| = 1/2 subband realizes the fuzzy three-sphere
geometry and each Landau level accommodates just one fuzzy three-sphere.
The fuzzy three-sphere geometry of the SO(4) Landau model is naturally understood as a subspace
embedded in the one dimension higher fuzzy four-sphere of the SO(5) Landau model [36, 33]. If we regard
the chirality parameter s as an extra fifth coordinate x5, Xµ can be interpreted as the coordinates of two
S3-latitudes with x5 = ±s on the virtual fuzzy S4 (Fig.6), as suggested by the equation
I/2∑
s=−I/2
dn=0(s) =
1
6
(I + 1)(I + 2)(I + 3) = d
SO(5)
n=0 , (271)
where dn=0(s) (94) and d
SO(5)
n=0 respectively denote the lowest Landau level degeneracy of the SO(4) and
SO(5) Landau models.
6.2 Spinor Landau model
As discussed in Sec.4, the spinor Landau model consists of two independent Landau models:
Spinor Landau model with monopole charge
I
2
= Landau models with J+ =
I + 1
2
⊕ J− = I − 1
2
. (272)
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Figure 6: SO(4) Landau level subbands as the two latitudes on the virtual fuzzy four-sphere
s = ±1/2 can be realized for even I. From the upper figure of Fig.2, we find that the non-trivial cases
occur in25
I = 0, n = 1, 2, · · · → S3F (n, J+ =
1
2
, |s| = 1
2
), (273a)
I = 2, 4, · · · , n = 1, 2, · · · → S3F (n, J− =
I − 1
2
, |s| = 1
2
)⊕ S3F (n− 1, J+ =
I + 1
2
, |s| = 1
2
), (273b)
I = 2, 4, · · · , n = 0 → S3F (n = 0, J− =
I − 1
2
, |s| = 1
2
). (273c)
The radii of the corresponding fuzzy three-spheres are respectively given by
R(1)n =
1√
2(n+ 1)(n+ 2)
, (274a)
R(I−1)n =
I√
2(2n+ I)(2n+ I + 2)
, R
(I+1)
n−1 =
I + 2√
2(2n+ I)(2n+ I + 2)
, (274b)
R
(I−1)
n=0 =
√
I
2(I + 2)
, (274c)
and the matrix sizes of Xµ are
2(n+ 1)n, (275a)
1
2
(2n+ I + 2)(2n+ I),
1
2
(2n+ I + 2)(2n+ I), (275b)
1
2
I(I + 2). (275c)
6.3 Relativistic Landau models
The Weyl-Landau model is a “square root” of the spinor Landau model and the non-trivial matrix
geometry can occur for even I. In the spectrum of the Weyl-Landau model, the degeneracies of s = 1/2
and −1/2 corresponding to (273a) and (273c) are completely lifted (see the left-figure of Fig.3), and only
the half of the degeneracies in (273b) survives in the Weyl-Landau model to generate the fuzzy three-sphere.
From the left figure of Fig.3, we can see
I = 2, 4, · · · , ± n = ±1,±2, · · · → S3F . (276)
25Even if there was not external magnetic field (273a), the SU(2) connection of the holonomy would act as a fictitious
magnetic field to generate fuzzy three-sphere geometry.
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In the Weyl-Landau level, −i 6D = +λn(s) for n = 1, 2, · · · 26, the degenerate eigenstates with s = ±1/2 are
given by (207b)
Ψs=+1/2 = U
(
α+Φ
(n−1,s=1/2,J+)
β+Φ
(n,s=1/2,J−)
)
, (α+
2 + β+
2 = 1) (277a)
Ψs=−1/2 = U
(
α−Φ(n−1,s=−1/2,J
+)
β−Φ(n,s=−1/2,J
−)
)
, (α−2 + β−2 = 1) (277b)
and the matrix elements
Xµ(n, I/2) =
(〈Ψ+1/2|xµ|Ψ+1/2〉 〈Ψ+1/2|xµ|Ψ−1/2〉
〈Ψ−1/2|xµ|Ψ+1/2〉 〈Ψ−1/2|xµ|Ψ−1/2〉
)
(278)
are evaluated as
Xµ(n, I/2) = α+α−Xµ(n− 1, J+) + β+β−Xµ(n, J−), (279)
where Xµ(n, J) denote (267) with the replacement of I with 2J :
Xµ(n, J) =
2J + 1
(2n+ 2J + 1)(2n+ 2J + 3)
Γ(2n+2J)µ . (280)
Consequently, Xµ (279) are given by
Xµ(n, I/2) =
1
2n+ I
(
α+α−
I + 2
2n+ I + 2
+ β+β−
I
2n+ I − 2
)
Γ(2n+I−1)µ , (281)
whose radius becomes
R(I)n =
√
2n+ I + 2
2(2n+ I)
(α+α−
I + 2
2n+ I + 2
+ β+β−
I
2n+ I − 2). (282)
Next, we investigate the case of the Dirac-Landau model. In the massless case, the Dirac-Landau
operator becomes a simple direct sum of the two Weyl-Landau operators, and there exist two identical fuzzy
three-spheres, each of which originates from each Weyl-Landau operator. Since Γ4 is a off-diagonal block
matrix (223), the mass term brings “interaction” between such twoWeyl-Landau sectors. For −i 6D+MΓ4 =
Λn(s = 1/2), we have degenerate eigenstates , Ξ
(1)
+Λn(s=1/2)
, Ξ
(1)
+Λn(s=−1/2) and Ξ
(2)
+Λn(s=1/2)
, Ξ
(2)
+Λn(s=−1/2)
(236a). Taking the matrix elements of xµ between them, we obtain
Xµ(M) =
(
Xµ(n, I/2) 0
0 Xµ(n, I/2)
)
+
M
Λn


0 0 0 Z
(+)
µ
0 0 Z
(−)
µ
†
0
0 Z
(−)
µ 0 0
Z
(+)
µ
†
0 0 0

 , (283)
where Λn ≡ Λn(s = 1/2), λn ≡ λn(s = 1/2), and
W(+)µ =
(
0 Z
(+)
µ
Z
(+)
µ
†
0
)
≡ Iα−β+ − (I + 2)α+β−
(2n+ I − 1)(2n+ I + 2) Γ
(2n+I−1)
µ ,
W(−)µ =
(
0 Z
(−)
µ
Z
(−)
µ
†
0
)
≡ Iα+β− − (I + 2)α−β+
(2n+ I − 1)(2n+ I + 2) Γ
(2n+I−1)
µ . (284)
26In the following, we discuss the positive relativistic Landau levels. The extension to the negative Landau level is obvious.
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The square of Xµ is derived as
Xµ(M)
2 =
(
Xµ
2 0
0 Xµ
2
)
+
(
M
Λn
)2(
W
(+)
µ W
(+)
µ 0
0 W
(−)
µ W
(−)
µ
)
+
M
Λn
(
0 W
(+)
µ Xµ +XµW
(−)
µ
W
(−)
µ Xµ +XµW
(+)
µ 0
)
, (285)
where we interchanged the second and fourth columns and rows. In the massless limit, the off-diagonal
blocks of Xµ(M) vanish to yield Xµ(M)
M→0−→
(
Xµ 0
0 Xµ
)
that actually represents the two identical non-
interacting fuzzy three-spheres. When the mass term is turned on, the off-diagonal block matrices appear
to bring interactions between the two fuzzy three-spheres. M/Λn can be interpreted as the coupling of the
interaction. Meanwhile, for each of the cases of (238), the degenerate subbands with s = ±1/2 appear for
even I, and the fuzzy three-spheres are respectively realized as
Xµ(M) =
M
Λn
Xµ(n, I/2)|(n,I/2=0,s=1/2) =
M√
(n+ 12 )
2 +M2
Xµ(n,
I
2
=
1
2
), (n = 1, 2, · · · ) (286a)
Xµ(M) =
M
Λn
Xµ(n, I/2)|(n=0,I/2,s=1/2) =
M√
M2 + 14
Xµ(n = 0,
I − 1
2
). (286b)
In the massless limit, the fuzzy geometries collapse in either case.
In the supersymmetric Landau model, the Hamiltonian (240) consists of two independent spinor Landau
Hamiltonians and accommodates twice the number of fuzzy three-spheres of the spinor Landau model. The
mass term in the SUSY Landau model does not bring any particular effect to fuzzy geometry, as the mass
term just shifts the energy levels uniformly (247).
7 Summary and Discussions
We throughly investigated the SO(4) Landau models based on the Dirac and the Schwinger gauges.
The gauge fixing enabled us to elaborate the previous works about the SO(4) Landau models and bring
the new observations, such as the properties of the SO(4) monopole harmonics and the SO(4) symmetry of
the relativistic operators. In the present analysis, we took into account the spin connection of three-sphere
to construct the relativistic Landau operators. With the synthesized connection of the spin connection
and gauge field, we solved the eigenvalue problem of the spinor Landau operator and of the Weyl-Landau
operator also. The obtained results are confirmed to reproduce the known results of the SO(4) spherical
harmonics and the free Dirac operator in the free background limit. The eigenvalue problems of the massive
Dirac-Landau and the supersymmetric Landau model are analyzed too. We applied the level projection
method to the SO(4) Landau models and derived the odd dimensional matrix geometry for the first time.
It was shown that, for each of the (non-relativistic) Landau levels, the fuzzy three-sphere geometry appears
only in the lowest energy |s| = 1/2 subband, and the size of fuzzy three-sphere depends on the Landau
level. We also clarified realizations of the fuzzy three-sphere geometry in the relativistic Landau models.
In particular, we designated that the mass term of the Dirac-Landau model induces interaction between
two fuzzy spheres realized in the relativistic Landau level.
As the SO(3) Landau model has a wide range of applications, we expect that the SO(4) Landau model
may also find its playing fields in many branches of physics. Even if limited to condensed matter physics,
one may conceive its possible applications to Weyl/Dirac semi-metal, three-dimensional quantum Hall effect
and chiral topological insulator. We have clarified the emergent fuzzy three-sphere geometry in the Landau
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physics. It is interesting to see that such an exotic geometry realizes “inside” the physical models, and the
dynamics of the fuzzy spaces can be controlled by a physical parameter which in principle can be controlled
by experiment.
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A Geometric quantities of three-sphere: component method
A.1 Metric and curvature
The metric on S3 is given by (3):
gαβ =

gχχ gχθ gχφgθχ gθθ gθφ
gφχ gφθ gφφ

 =

1 0 00 sin2 χ 0
0 0 sin2 χ sin2 θ

 . (287)
From (287), the non-zero components of Christoffel symbol, Γαβγ = Γ
α
γβ =
1
2g
αδ(∂βgγδ + ∂γgβδ − ∂δgβγ),
are derived as
Γχ θθ = − sinχ cosχ, Γχ φφ = − sinχ cosχ sin2 θ,
Γθ χθ = Γ
θ
θχ = cotχ, Γ
θ
φφ = − sin θ cos θ,
Γφ χφ = Γ
φ
φχ = cotχ, Γ
φ
θφ = Γ
φ
φθ = cot θ, (288)
and the non-zero components of curvature, Rαβγδ = ∂γΓ
α
βδ−∂δΓα γβ+Γα γǫΓǫ βδ−Γα δǫΓǫ βγ , are derived
as
Rχ θχθ = sin
2 χ, Rχ φχφ = sin
2 χ sin2 θ, Rθ χχθ = −1, Rθ φθφ = sin2 χ sin2 θ,
Rφ χχφ = −1, Rφ θθφ = − sin2 χ. (289)
The non-zero components of Ricci tensor, Rµν ≡ Rρ µρν , are given by
Rχχ = 2, Rθθ = 2 sin2 χ, Rφφ = 2 sin2 χ sin2 θ, (290)
and the Ricci scalar, R = Rµ µ, is
R = 2× 3 = 6. (291)
A.2 Spin connection
From ea = ea αdx
α, we can read off the components of the dreibein (6):
ea α =

1 0 00 sinχ 0
0 0 sinχ sin θ

 . (292)
The inverse is
e αa =

1 0 00 sin−1 χ 0
0 0 sin−1 χ sin−1 θ

 . (293)
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The components of the spin-connection are obtained by the formula [49]
ωabα = −ebβ∇αe βa = −ebβ(∂αe βa + Γβαγe γa ), (294)
as
ω12α(= −ω21α) = {ω12χ, ω12θ, ω12φ} = {0,− cosχ, 0},
ω31α(= −ω13α) = {ω31χ, ω31θ, ω31φ} = {0, 0, sin θ cosχ},
ω23α(= −ω32α) = {ω23χ, ω23θ, ω23φ} = {0, 0,− cosθ}, (295)
which are consistent with (13). The matrix form of the spin connection is given by
ωα =
∑
a<b=1,2,3
ωabασ
ab, (296)
with
ωχ = 0, ωθ = − cosχσ12, ωφ = sin θ cosχσ31 − cos θσ23, (297)
or
ω = ωαdx
α = −1
2
(γ1 cos θ − γ2 cosχ sin θ)dφ− 1
2
γ3 cosχdθ, (298)
where we used
σab = −i1
4
[γa, γb] =
1
2
ǫabcγc. (299)
The curvature is obtained as
f = dω + iω2
=
1
2
γ1 sin
2 χ sin θ dθ ∧ dφ+ 1
2
γ2 sinχ sin θ dφ ∧ dχ+ 1
2
γ3 sinχ dχ ∧ dθ
=
1
2
ǫabce
b ∧ ec 1
2
γa. (300)
B The SO(4) spherical harmonics and free Dirac operator
B.1 The SO(4) spherical harmonics
In the polar coordinates, the SO(4) free angular momentum operators
lµν = −ixµ∂ν + ixν∂µ (301)
are given by
l12 = −i∂φ,
l13 = i(cosφ∂θ − cot θ sinφ∂φ),
l14 = i(sin θ cosφ∂χ + cotχ cos θ cosφ∂θ − cotχ 1
sin θ
sinφ∂φ),
l23 = i(sinφ∂θ + cot θ cosφ∂φ),
l24 = i(sin θ sinφ∂χ + cotχ cos θ sinφ∂θ + cotχ
1
sin θ
cosφ∂φ),
l34 = i(cos θ∂χ − cotχ sin θ∂θ), (302)
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and the SO(4) Casimir is derived as
4∑
µ<ν
lµν
2 = − 1
sin2 χ
∂χ(sin
2 χ∂χ)− 1
sin2 χ
1
sin θ
(
∂θ(sin θ∂θ) +
1
sin θ
∂2φ
)
= −∆S3 , (303)
where
∆S3 =
1√
g
∂µ(
√
ggµν∂ν) =
1
sin2 χ
∂χ(sin
2 χ∂χ) +
1
sin2 χ sin θ
∂θ(sin θ∂θ) +
1
sin2 χ sin2 θ
∂2φ. (304)
The SO(4) spherical harmonics that satisfy27
4∑
µ<ν=1
lµν
2Φ(n,0,0)mL,mR(x) = n(n+ 2)Φ
(n,0,0)
mL,mR(x), (n = 0, 1, 2, · · · ) (306)
are usually denoted as [42, 43, 44]
Ynlm(x) = 2
ll!
√
2(n+ 1)(n− l)!
π(n+ l+ 1)!
sinl(χ) Cl+1n−l(cosχ) · Ylm(θ, φ). (307)
(l = 0, 1, 2, · · · , n), (m = −l,−l+ 1, · · · , l)
Here Ylm are the SO(3) spherical harmonics, and C
l+1
n−l are the Gegenbauer polynomials:
Cαn (x) ≡
(2α)n
(α+ 12 )n
P
(α− 12 ,α− 12 )
n (x) =
(−2)n
n!
Γ(n+ α)Γ(n+ 2α)
Γ(α)Γ(2n+ 2α)
(1− x2)−α+ 12 d
n
dxn
[(1− x2)n+α− 12 ], (308)
with P
(α− 12 ,α− 12 )
n (x) being Jacobi polynomials and (α)n ≡ α(α+ 1)(α+ 2) · · · (α+ n− 1). The degeneracy
is
n∑
l=0
(2l + 1) = (n+ 1)2. (309)
B.2 The free Weyl operator and eigenstates
The eigenvalue problems of free Dirac operators on arbitrary dimensional spheres are generally solved
in [45, 46, 47]. Here, we apply the results to the S3 case. For spinor particle, the covariant derivatives on
S3 are given by
− i∇χ = −i∂χ,
− i∇θ = −i∂θ − 1
2
γ3 cosχ,
− i∇φ = −i∂φ − 1
2
γ1 cos θ +
1
2
γ2 cosχ sin θ, (310)
27From the general formula, we have∑
µ<ν
l
(0)
µν
2
= 2(L(L + 1) + R(R + 1))L=R= n
2
= n(n+ 2). (305)
44
where we used the spin-connection (297). (310) is formally equivalent to the covariant derivatives of spinless
particle in the SU(2) monopole background with I/2 = 1/2. We construct the free Weyl operator as28
−i 6∇S3 = −ie αa γa∇α = −iγ1∇χ − i
1
sinχ
γ2∇θ − i 1
sinχ sin θ
γ3∇φ
= −iγ1(∂χ + cotχ)− iγ2 1
sinχ
(∂θ +
1
2
cot θ)− iγ3 1
sinχ sin θ
∂φ, (314)
or
−i 6∇S3 = −iσ3(∂χ + cotχ)− iσ1
1
sinχ
(∂θ +
1
2
cot θ)− iσ2 1
sinχ sin θ
∂φ
=


−i(∂χ + cotχ) 1sinχ
(
−i∂θ − 1sin θ (∂φ + i 12 cos θ)
)
1
sinχ
(
−i∂θ + 1sin θ (∂φ − i 12 cos θ)
)
i(∂χ + cotχ)

 . (315)
The eigenvalue problem of the Weyl operator (315) is expressed as
− i 6∇ψ(±)n,l,m(x) = ±(
3
2
+ n)ψ
(±)
n,l,m(x), (316)
with
n = 0, 1, 2, · · · , l = 0, 1, 2, · · · , n, m = 0, 1, 2, · · · , l. (317)
The corresponding eigenstates are
− i 6∇ = +(3
2
+ n) :
ψ
(+)
n,l,m,±(x) =
1
A
(
cos
χ
2
· sin χ
2
)l(
cos
θ
2
· sin θ
2
)m
·


(
cos χ2 P
l+ 12 ,l+
3
2
n−l (cosχ) + i sin
χ
2 P
l+ 32 ,l+
1
2
n−l (cosχ)
)
sin θ2 P
m+ 1±12 ,m+
1∓1
2
l−m (cos θ)
±
(
cos χ2 P
l+ 12 ,l+
3
2
n−l (cosχ)− i sin χ2 P
l+ 32 ,l+
1
2
n−l (cosχ)
)
cos θ2 P
m+ 1∓12 ,m+
1±1
2
l−m (cos θ)

 e∓i(m+ 12 )φ,
− i 6∇ = −(3
2
+ n) :
ψ
(−)
n,l,m,±(x) =
1
A
(
cos
χ
2
· sin χ
2
)l(
cos
θ
2
· sin θ
2
)m
·


(
cos χ2 P
l+ 12 ,l+
3
2
n−l (cosχ)− i sin χ2 P
l+ 32 ,l+
1
2
n−l (cosχ)
)
sin θ2 P
m+ 1±12 ,m+
1∓1
2
l−m (cos θ)
±
(
cos χ2 P
l+ 12 ,l+
3
2
n−l (cosχ) + i sin
χ
2 P
l+ 32 ,l+
1
2
n−l (cosχ)
)
cos θ2 P
m+ 1∓12 ,m+
1±1
2
l−m (cos θ)

 e∓i(m+ 12 )φ,
(318)
28 (314) can be written as
− i 6∇S3 = −iγ1(∂χ + cotχ)− i
1
sinχ
6∇S2 , (311)
where
6∇S2 ≡ γ2(∂θ +
1
2
cot θ) + γ3
1
sin θ
∂φ. (312)
(311) is consistent with the general relation in Sec.3.1 of [45]:
− i 6∇S3 = −iγ1(∂χ +
N − 1
2
|N=3 cotχ)− i
1
sinχ
6∇S2 . (313)
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where29
A =
l! (2n+ 1)!!
2n−1
π√
(n− l)!(n+ l + 2)!(l −m)!(l +m+ 1)! . (320)
The number of each of the eigenstates (318) is
n∑
l=0
(l + 1) =
1
2
(n+ 1)(n+ 2). (321)
Hence for −i 6∇ = +(32 + n), the degeneracy is
2× 1
2
(n+ 1)(n+ 2) = (n+ 1)(n+ 2), (322)
and for −i 6∇ = −(32 + n),
2× 1
2
(n+ 1)(n+ 2) = (n+ 1)(n+ 2). (323)
From the covariant derivatives (310), we construct the SO(4) angular momentum operators as
Jµν = −ixµ∇ν + ixν∇ν + fµν , (324)
where ∇µ = ∂µ + iωµ and fµν = −i[∇µ,∇ν ] (300). Jµν (324) is formally equivalent to the non-relativistic
angular momentum with minimal monopole charge I/2 = 1/2. The Weyl operator −i 6∇ is invariant under
the SO(4) transformation generated by Jµν :
[−i 6∇S3 , Jµν ] = 0. (325)
The Weyl operator eigenstates (318) correspond to the SO(4) ≃ SU(2)⊗SU(2) irreducible representations:
− i 6∇ = +(3
2
+ n) ↔ (L,R) = (n
2
,
n
2
+
1
2
),
− i 6∇ = −(3
2
+ n) ↔ (L,R) = (n
2
+
1
2
,
n
2
). (326)
In particular for n = 0, (318) becomes
− i 6∇ = +3
2
: ψ
(+)
n=0,l=0,m=0,+ =
1√
2π
(
sin θ2e
i
2 (χ−φ)
cos θ2e
− i2 (χ+φ)
)
, ψ
(+)
0,0,0,− =
1√
2π
(
cos θ2e
i
2 (χ+φ)
− sin θ2e−
i
2 (χ−φ)
)
,
− i 6∇ = −3
2
: ψ
(−)
n=0,l=0,m=0,+ =
1√
2π
(
sin θ2e
− i2 (χ+φ)
cos θ2e
i
2 (χ−φ)
)
, ψ
(−)
0,0,0,− =
1√
2π
(
cos θ2e
− i2 (χ−φ)
− sin θ2e
i
2 (χ+φ)
)
. (327)
Meanwhile for the SO(4) monopole harmonics (111), we have
s = +
1
2
: Φ
(0,1/2,1/2)
1/2,0 =
1√
2π
(
cos θ2e
− i2 (χ−φ)
− sin θ2e
i
2 (χ+φ)
)
, Φ
(0,1/2,1/2)
−1/2,0 =
1√
2π
(
sin θ2e
− i2 (χ+φ)
cos θ2e
i
2 (χ−φ)
)
,
s = −1
2
: Φ
(0,−1/2,1/2)
0,1/2 =
1√
2π
(
cos θ2e
i
2 (χ+φ)
− sin θ2e−
i
2 (χ−φ)
)
, Φ
(0,−1/2,1/2)
0,−1/2 =
1√
2π
(
sin θ2e
i
2 (χ−φ)
cos θ2e
− i2 (χ+φ)
)
. (328)
29 The normalization constant A is determined so as to satisfy∫ pi
0
dχ sin2 χ
∫ pi
0
dθ sin θ
∫ 2pi
0
dφ ψ
(±)
n,l,m,±(x)
† ψ
(±)
n,l,m,±(x) = 1. (319)
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They are related as
ψ
(+)
0,0,0,+ = Φ
(0,−1/2,1/2)
0,−1/2 , ψ
(+)
0,0,0,− = Φ
(0,−1/2,1/2)
0,+1/2 ,
ψ
(−)
0,0,0,+ = Φ
(0,1/2,1/2)
−1/2,0 , ψ
(−)
0,0,0,− = Φ
(0,1/2,1/2)
+1/2,0 . (329)
(329) is a special case of (222).
B.3 Square of the free Weyl operator
The square of the free Weyl operator on S3 (311) is derived as
(−i 6∇S3)2 = −(∂χ + cotχ)2 +
1
sin2 χ
(−i 6∇S2)2 +
cotχ
sinχ
γ1 6∇S2 , (330)
or
(−i 6∇S3)2 =− (∂χ + cotχ)2 −
1
sin2 χ
(∂θ +
1
2
cot θ)2 − 1
sin2 χ sin2 θ
∂2φ
+ iγ1
cot θ
sin2 χ sin θ
∂φ − iγ2 cotχ
sinχ sin θ
∂φ + iγ
3 cotχ
sinχ
(∂θ +
1
2
cot θ). (331)
Using (310), we can show
(−i 6∇S3)2 = −
1
sin2 χ
∇χ(sin2 χ∇χ)− 1
sin2 χ sin θ
∇θ(sin θ∇θ)− 1
sin2 χ sin2 θ
∇φ2 + 3
2
= −∆S3 +
R
4
|R=6
=
4∑
µ<ν
Jµν
2 +
R
8
|R=6, (332)
where
∆S3 =
1√
g
∇α(√ggαβ∇β) = 1
sin2 χ
∇χ(sin2 χ∇χ) + 1
sin2 χ
1
sin θ
(
∇θ(sin θ∇θ) + 1
sin θ
∇2φ
)
, (333a)
4∑
µ<ν
Jµν
2 = − 1
sin2 χ
∇χ(sin2 χ∇χ)− 1
sin2 χ
1
sin θ
(
∇θ(sin θ∇θ) + 1
sin θ
∇2φ
)
+
3
4
. (333b)
(333a) and (333b) are simply related as30
∆S3 = −
4∑
µ<ν
Jµν
2 +
3
4
. (335)
The eigenvalues of the SO(4) Casimir (333b) can be obtained from the non-relativistic result (75) for
I/2 = |s| = 1/2:
4∑
µ<ν
Jµν
2 = n2 + 3n+
3
2
, (336)
30Also from the general formula in [55, 37], we have
∆S3 = −
4∑
µ<ν
Jµν
2 +
R
8
|R=6. (334)
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and then31
(−i 6∇S3)2 = (
3
2
+ n)2, (337)
or
− i 6∇S3 = ±(
3
2
+ n). (338)
C Integral of the product of three SO(4) monopole harmonics
From the explicit form of the SO(4) monopole harmonics (110), we can evaluate the integral of the
product of three SO(4) monopole harmonics as
1
I + 1
∫
S3
dΩ3 (
I
2∑
A=− I2
Φ
[lL,lR,
I
2 ]
mL,mR (χ)
∗
A · Φ[
p
2 ,
p
2 ,0]
m′L,m
′
R
(χ) · Φ[lL,lR,
I
2 ]
m′′L,m
′′
R
(χ)
A
)
= (p+ 1)
√
(I + 1)(2lL + 1)(2lR + 1)
2π2


lL lR
I
2
p
2
p
2 0
lL lR
I
2

 ClL,mLp2 ,m′L ; lL,m′′L ClR,mRp2 ,m′R ; lR,m′′R
= (p+ 1)
√
(I + 1)(2lL + 1)(2lR + 1)
2π2
(−1)2lL+2lR+I+p


lL lR
I
2
lL lR
I
2
p
2
p
2 0

 ClL,mLp2 ,m′L ; lL,m′′L ClR,mRp2 ,m′R ; lR,m′′R
=
√
(p+ 1)(2lL + 1)(2lR + 1)
2π2
(−1)3lL+3lR+ 32 I+ 32p
{
lL lR
I
2
lR lL
p
2
}
ClL,mLp
2 ,m
′
L ; lL,m
′′
L
ClR,mRp
2 ,m
′
R ; lR,m
′′
R
=
√
(p+ 1)(2lL + 1)(2lR + 1)
2π2
(−1)−(lL+lR+ I2+ p2 )
{
lL lR
I
2
lR lL
p
2
}
ClL,mLp
2 ,m
′
L ; lL,m
′′
L
ClR,mRp
2 ,m
′
R ; lR,m
′′
R
. (339)
This is a special formula of Eq.(3.11) in [53, 54]. For Φ
[ p2 ,
p
2 ,0]
mL,mR |n=mL=mR=0 = 1√2π2 , (339) becomes
1√
2π2(I + 1)
∫
S3
dΩ
∑
A
Φ
[lL,lR,
I
2 ]
mL,mR (χ)
∗
A · Φ[lL,lR,
I
2 ]
m′′L,m
′′
R
(χ)
A
=
√
(2lL + 1)(2lR + 1)
2π2
(−1)−(lL+lR+ I2 )
{
lL lR
I
2
lR lL 0
}
ClL,mL0,0 ; lL,m′′L
ClR,mR0,0 ; lR,m′′R
=
1√
2π2
δmL,m′′LδmR,m′′R , (340)
where, in the third equation, we used{
lL lR
I
2
lR lL 0
}
=
1√
(2lL + 1)(2lR + 1)
(−1)lL+lR+ I2 , Cl′,m′0,0 ; l,m = δl,l′δm,m′ . (341)
(340) is consistent with (112).
31(337) is consistent with (179a) with the replacement (n, I)→ (n+ 1, 0).
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Similarly, we have
1
I + 1
∫
S3
dΩ3 (
I
2∑
A=− I2
Φ
[lL,lR,
I
2 ]
mL,mR (χ)
∗
A · Φ[
p
2 ,
p
2 ,0]
m′L,m
′
R
(χ) · Φ[lR,lL,
I
2 ]
m′′R,m
′′
L
(χ)
A
)
= (p+ 1)
√
(I + 1)(2lL + 1)(2lR + 1)
2π2


lL lR
I
2
p
2
p
2 0
lR lL
I
2

 ClL,mLp2 ,m′L ; lR,m′′R ClR,mRp2 ,m′R ; lL,m′′L
= (p+ 1)
√
(I + 1)(2lL + 1)(2lR + 1)
2π2
(−1)2lL+2lR+I+p


lL lR
I
2
lL lR
I
2
p
2
p
2 0

 ClL,mLp2 ,m′L ; lR,m′′R ClR,mRp2 ,m′R ; lL,m′′L
=
√
(p+ 1)(2lL + 1)(2lR + 1)
2π2
(−1)2lL+4lR+ 32 I+ 32p
{
lL lR
I
2
lL lR
p
2
}
ClL,mLp
2 ,m
′
L ; lR,m
′′
R
ClR,mRp
2 ,m
′
R ; lL,m
′′
L
=
√
(p+ 1)(2lL + 1)(2lR + 1)
2π2
(−1)2lL+ 32 I+ 32 p
{
lL lR
I
2
lL lR
p
2
}
ClL,mLp
2 ,m
′
L ; lR,m
′′
R
ClR,mRp
2 ,m
′
R ; lL,m
′′
L
. (342)
D SU(2) transformation between Dirac and Schwinger gauges
D.1 Curvature for the spin connection
With respect to the spin connections in the Schwiger gauge (17) and the Dirac gauge (18), the curvatures
f = dω + iω2, (343)
are respectively derived as
fS =
1
2
γ1 sin
2 χ sin θ dθ ∧ dφ+ 1
2
γ2 sinχ sin θ dφ ∧ dχ+ 1
2
γ3 sinχ dχ ∧ dθ,
fD =
1
2
γ1 sinχ sin θ(cos θ dθ ∧ dφ− sin θ dφ ∧ dχ)
− 1
2
γ2 sinχ sinφ(dχ ∧ dθ − sin θ cos θ cotφ dφ ∧ dχ− sinχ sin2 θ cotφ dθ ∧ dφ)
+
1
2
γ3 sinχ cosφ(dχ ∧ dθ + sin θ cos θ tanφ dφ ∧ dχ+ sinχ sin2 θ tanφ dθ ∧ dφ). (344)
Using the dreibeins, (6) and (7), they are concisely represented as
fS =
1
4
ǫabce
a
S ∧ ebS γc, fD =
1
4
ǫabce
a
D ∧ ebD γc. (345)
fS and fD are related by the SU(2) transformation:
fD =
1
4
ǫabce
a
D ∧ ebD γc =
1
4
ǫabcOadObee
d
S ∧ eeS γc =
1
2
ǫcdeOcfe
d
S ∧ eeS γc = g fS g†, (346)
where in the third equation we used the SO(3) invariance of the Levi-Civita tensor
ǫadeOdbOec = ǫbcdOad, (347)
and in the last equation (23) .
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D.2 D function and gauge transformation
We introduce two parameterizations of the SU(2) group elements:
Ψ
(l)
D (χ) ≡ e−iχx·S
(l)
, (348a)
Ψ
(l)
S (χ) ≡ e−iχS
(l)
z eiθS
(l)
y eiφS
(l)
z . (348b)
In particular for l = 1/2,
Ψ
(1/2)
D (χ) =
(
cos χ2 − i sin χ2 cos θ −i sin χ2 sin θe−iφ
−i sin χ2 sin θeiφ cos χ2 + i sin χ2 cos θ
)
, (349a)
Ψ
(1/2)
S (χ) =
(
cos θ2e
−i 12 (χ−φ) sin θ2e
−i 12 (χ+φ)
− sin θ2ei
1
2 (χ+φ) cos θ2e
i 12 (χ−φ)
)
. (349b)
With the D-function
D(l)(χ, θ, φ) ≡ e−iχS(l)z e−iθS(l)y e−iφS(l)z , (350)
(348) is given by
Ψ
(l)
D (χ) = D
(l)(φ, θ, 0)D(l)(χ,−θ,−φ), (351a)
Ψ
(l)
S (χ) = D
(l)(χ,−θ,−φ). (351b)
For the SO(4) representations, (lL, lR) = (l, 0) and (0, l), we have
(lL, lR) = (l, 0) : Ψ
(D)
L ≡ ΨD(χ), (lL, lR) = (0, l) : Ψ(D)R ≡ ΨD(−χ), (352a)
Ψ
(S)
L ≡ Ψ(l)S (χ), Ψ(S)R ≡ Ψ(l)S (−χ). (352b)
They satisfy
Ψ
(D)
L
†
= Ψ
(D)
R , Ψ
(S)
L
†
= g(l)Ψ
(S)
R g
(l), (353)
with
g(l)(θ, φ) ≡ D(l)(φ, θ, 0) = e−iφS(l)z e−iθS(l)y . (354)
For l = 1/2,
g(1/2)(θ, φ) =
(
cos θ2e
−iφ2 − sin θ2e−i
φ
2
sin θ2e
iφ2 cos θ2e
i φ2
)
. (355)
(354) also acts as the gauge function between the Dirac and Schwinger gauges
Ψ
(D)
L = g
(l)Ψ
(S)
L , Ψ
(D)
R = g
(l)Ψ
(S)
R . (356)
Using (353), we can rewrite (356) as
Ψ
(D)
L = Ψ
(S)
R
†
g†, Ψ(D)R = Ψ
(S)
L
†
g†. (357)
(357) implies that the SU(2) gauge fields in the two gauges
A
(l)
D = −i
1
2
(Ψ
(D)
L
†
dΨ
(D)
L +Ψ
(D)
R
†
dΨ
(D)
R ), (358a)
A
(l)
S = −i
1
2
(Ψ
(S)
L dΨ
(S)
L
†
+Ψ
(S)
R dΨ
(S)
R
†
), (358b)
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are related as
A
(l)
D = g
(l)A
(l)
S g
(l)† − ig(l)dg(l)†. (359)
From (358a), we have
A
(I/2)
D =
3∑
i=1
AiDS
(I/2)
i , (360)
with
A1D = −(1− cosχ)(sinφdθ + sin θ cos θ cosφdφ),
A2D = (1− cosχ)(cosφdθ − sin θ cos θ sinφdφ),
A3D = (1− cosχ) sin2 θdφ. (361)
In the Cartesian coordinate, they are given by
AiD = −
1
1 + x4
ǫijkxjS
(I/2)
k , A
D
4 = 0. (362)
Also from (358b), we obtain
A
(I/2)
S =
3∑
i=1
AiSS
(I/2)
i , (363)
with
A1S = cosχ sin θdφ, A
2
S = − cosχdθ, A3S = − cos θdφ. (364)
With the explicit expressions (361) and (364), it is not difficult to verify (359).
Using the gauge field (364)32 we can construct the covariant derivative as
Dα = ∂α + iA
i
αS
(I/2)
i (α = χ, θ, φ), (365)
and the covariant angular momentum operators as
Λµν = −ixµDν + ixνDµ (366)
are expressed as
Λ12 = −iDφ,
Λ13 = i(cosφDθ − cot θ sinφDφ),
Λ14 = i(sin θ cosφDχ + cotχ cos θ cosφDθ − cotχ 1
sin θ
sinφDφ),
Λ23 = i(sinφDθ + cot θ cosφDφ),
Λ24 = i(sin θ sinφDχ + cotχ cos θ sinφDθ + cotχ
1
sin θ
cosφDφ),
Λ34 = i(cos θDχ − cotχ sin θDθ). (367)
The sum of their squares gives
4∑
µ<ν
Λµν
2 = − 1
sin2 χ
Dχ(sin
2 χDχ)− 1
sin2 χ
1
sin θ
(
Dθ(sin θDθ) +
1
sin θ
D2φ
)
, (368)
which is equal to (303) with the replacement of ∂α with Dα. One can confirm that Φ
(n,s,I/2)
mL,mR (120) are the
eigenstates of
∑4
µ<ν Λµν
2 (368) by using their explicit coordinate representation.
32One can alternatively adopt (361) in the Dirac gauge, but the concrete calculations are rather laborious in the polar
coordinates.
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D.3 Gauge covariance of the Weyl-Landau operator
From the relations eaD = Oabe
b
S and g γa g
† = γbOba (see Sec.2), we have
g(1/2) (eaSγa) g
(1/2)† = eaDγa. (369)
Meanwhile, the covariant derivatives, ∇α = ∂α + iωα, in the Dirac and Schwinger gauges are related as
g(1/2) ∇Sα g(1/2)
†
= ∇Dα , (370)
with
g(1/2) ωSα g
(1/2)† − ig(1/2)∂αg(1/2)† = ωDα . (371)
Consequently, the free Weyl operators
6∇S = γae αSa ∇Sα, 6∇D = γae αDa∇Dα , (372)
are related as
g(1/2) 6∇S g(1/2)† = 6∇D. (373)
We can verify similar relations for the Weyl-Landau operator, 6D = γae αa Dα. The synthesized gauge
function
G(θ, φ) = g(1/2)(θ, φ) ⊗ g(I/2)(θ, φ), (374)
generates the gauge transformation for A = ω ⊗ 1 + 1⊗A,
G ASα G† − iG∂αG† = ADα , (375)
and
G (eaSγa ⊗ 1) G† = (g(1/2) eaSγa g(1/2)
†
)⊗ (g(I/2)g(I/2)†) = eaDγa ⊗ 1. (376)
From (375) and (376), we easily see that the Weyl-Landau operator satisfies
G 6DS G† = 6DD, (377)
and then
GΨS = ΨD. (378)
E Examples of the Weyl-Landau operator eigenstates
For several Weyl-Landau operators, we explicitly derive a coordinate representation of the eigenstates
based on the general procedure presented in Sec.5.1.
E.1 I/2 = 1/2
The synthesized spin magnitudes are given by
J+ =
I
2
+
1
2
= 1, J− =
I
2
− 1
2
= 0, (379)
and the Weyl-Landau operator spectrum becomes
± λ(n, s) = ±
√
n(n+ 2) + s2, (380)
52
Figure 7: The Weyl-Landau spectrum for I/2 = 1/2.
with
n = 0 : s = 0, n 6= 0 : s = 1, 0,−1. (381)
For instance (Fig.7),
λ(0, 0) = 0, λ(1, 0) =
√
3, λ(1, 1) = 2, λ(2, 0) = 2
√
2, λ(2, 1) = 3, · · · . (382)
In the following, we use the notation:
Φ
(n,s,−)
ML,MR
≡ Φ(n,s,J−=0)ML,MR , Φ
(n,s,+)
ML,MR
≡ Φ(n,J+=1)ML,MR , (383)
where Φ(−,n,s) and Φ(+,n,s) respectively denote the one-component (S = 0) and three component (S = 1)
irreducible representation of the SU(2) gauge group. The unitary matrix for the irreducible decomposition,
1/2⊗ 1/2 = 1⊕ 0, is given by
U =
1√
2


√
2 0 0 0
0 1 0 1
0 1 0 −1
0 0
√
2 0

 . (384)
It is straightforward to construct the eigenstates of the spinor Landau model by acting (384) to (383).
Derivation of the Weyl-Landau operator eigenstates is not difficult. We act the Weyl-Landau operator
to linear combination of the eigenstates and determine the coefficients of the linear combination (α and β
in (207b)) so that the linear combination to be the eigenstate of the Weyl-Landau operator. The results
are as follows.
• λ = 0 : (n−, s−) = (0, 0)
Ψλ=0 = U


0
0
0
Φ(0,0,−)

 = U


0
0
0
1

 = 1√2


0
1
−1
0

 . (385)
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• ±λ = ±√3 : (n−, s−) = (1, 0), (n+, s+) = (0, 0)
Ψλ=
√
3,ML,MR
=
1√
2
(Ψ+ML,MR +Ψ
−
ML,MR
) =
1√
2
U
(
Φ
(1,0,+)
ML,MR
Φ
(0,0,−)
ML,MR
)
, (ML,MR = 1/2,−1/2)
Ψ−λ=−√3,ML,MR =
1√
2
(Ψ+ML,MR −Ψ−ML,MR) =
1√
2
U
(
Φ
(1,0,+)
ML,MR
−Φ(0,0,−)ML,MR
)
, (ML,MR = 1/2,−1/2) (386)
where
Ψ−ML,MR = U


0
0
0
Φ
(0,0,−)
ML,MR

 , Ψ+ML,MR = U
(
Φ
(1,0,+)
ML,MR
0
)
. (387)
• ±λ = ±2 : (n+, s+) = (0,±1)
Ψλ=2,ML=0,MR = U
(
Φ
(0,−1,+)
ML=0,MR
0
)
, (MR = +1, 0,−1)
Ψ−λ=−2,ML,MR=0 = U
(
Φ
(0,1,+)
ML,MR=0
0
)
. (ML = +1, 0,−1) (388)
• ±λ = ±2√2 : (n−, s−) = (2, 0), (n+, s+) = (1, 0)
Ψλ=2
√
2,ML,MR
=
1√
2
U
(
Φ
(2,0,+)
ML,MR
Φ
(1,0,−)
ML,MR
)
, (ML,MR = 1, 0,−1)
Ψ−λ=−2√2,ML,MR =
1√
2
U
(
Φ
(2,0,+)
ML,MR
−Φ(1,0,−)ML,MR
)
. (ML,MR = 1, 0,−1) (389)
• ±λ = ±3 : (n−, s−) = (2,±1), (n+, s+) = (1,±1)
Ψλ=3,ML,MR = U
(
Φ
(1,−1,+)
ML,MR
0
)
, (ML = 1/2,−1/2, MR = 3/2, 1/2,−1/2,−3/2)
Ψ−λ=−3,ML,MR = U
(
Φ
(1,1,+)
ML,MR
0
)
. (ML = 3/2, 1/2,−1/2,−3/2, MR = 1/2,−1/2) (390)
E.2 I/2 = 1
The synthesized spins are
J+ =
I
2
+
1
2
=
3
2
, J− =
I
2
− 1
2
=
1
2
, (391)
and the Weyl-Landau operator spectrum is
± λ(n, s) = ±
√
n(n+ 3) + s2, (392)
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with
n = 0 : s =
1
2
,−1
2
, n 6= 0 : s = 3
2
,
1
2
,−1
2
,−3
2
. (393)
For instance (Fig.8),
λ(0, 1/2) = 1/2, λ(1, 1/2) =
√
17/2, λ(1, 3/2) = 5/2, λ(2, 1/2) =
√
41/2, λ(2, 3/2) = 7/2, · · · .
(394)
Figure 8: The Weyl-Landau spectrum for I/2 = 1.
We adopt the notation:
Φ
(n,s,−)
ML,MR
≡ Φ(n,s,J−=1/2)ML,MR , Φ
(n,s,+)
ML,MR
≡ Φ(n,s,J+=3/2)ML,MR , (395)
where Φ(−,n,s) and Φ(+,n,s) respectively denote the two-component (S = 1/2) and four-component (S =
3/2) irreducible representations of the SU(2) gauge group. The unitary matrix for the decomposition
1/2⊗ 1 = 3/2⊕ 1/2 is given by
U =
1√
3


√
3 0 0 0 0 0
0 1 0 0 −√2 0
0
√
2 0 0 1 0
0 0
√
2 0 0 −1
0 0 1 0 0
√
2
0 0 0
√
3 0 0


. (396)
• ±λ = ±1/2 : (n−, s−) = (0,±1/2)
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Ψ+λ=+1/2,ML,MR=0 = U
(
0
Φ
(0,1/2,−)
ML,MR=0
)
, (ML = 1/2,−1/2)
Ψ−λ=−1/2,ML=0,MR = U
(
0
Φ
(0,−1/2,−)
ML=0,MR
)
. (MR = 1/2,−1/2) (397)
• ±λ = ±√17/2 : (n−, s−) = (1,±1/2), (n+, s+) = (0,±1/2)
For s = +1/2 sector,
Ψ+λ=+
√
17/2,ML,MR
=
1√
6(51 + 5
√
17)
U
(
8
√
2Φ
(0,1/2,+)
ML,MR
−(5 + 3√17)Φ(1,1/2,−)ML,MR
)
, (ML = 1, 0,−1, MR = 1/2,−1/2)
Ψ−λ=−√17/2,ML,MR =
1√
6(51 + 5
√
17)
U
(
(5 + 3
√
17)
√
2Φ
(0,1/2,+)
ML,MR
8
√
2Φ
(1,1/2,−)
ML,MR
)
. (ML = 1, 0,−1, MR = 1/2,−1/2)
(398)
For s = −1/2 sector,
Ψ+λ=+
√
17/2,ML,MR
=
1√
6(51− 5√17)
U
(
8
√
2Φ
(0,−1/2,+)
ML,MR
(5− 3√17)Φ(1,−1/2,−)ML,MR
)
, (ML = 1/2,−1/2, MR = 1, 0,−1)
Ψ−λ=−√17/2,ML,MR =
1√
6(51− 5√17)
U
(
(5 − 3√17)√2Φ(0,−1/2,+)ML,MR
−8√2Φ(1,−1/2,−)ML,MR
)
. (ML = 1/2,−1/2, MR = 1, 0,−1)
(399)
• ±λ = ±5/2 : (n+, s+) = (0,±3/2)
Ψλ=5/2,ML=0,MR = U
(
Φ
(0,−3/2,+)
ML=0,MR
0
)
, (MR = 3/2, 1/2,−1/2,−3/2)
Ψ−λ=−5/2,ML,MR=0 = U
(
Φ
(0,3/2,+)
ML,MR=0
0
)
. (ML = 3/2, 1/2,−1/2,−3/2) (400)
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